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n n
0< E arjzj < 2y E arj,
=1 =1

n n
Zaiij Vi=1,...,n, Fig : Zaioj>0.
j=1 j=1

r-0000000000000000000000000000000000000000
S ey =00000000000

n n
0< Zarjzj < Zrzarj =0,
Jj=1 Jj=1
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good

Zarj(zj—zr)zo.

JFr
O000a, <00000z; =20000000000
ADDOD000Oaga, <0, i=0,...,s—10000 r=ag# 0y # - #as=ig0000
DoDoo0000000Uz, = 2ey = 20,- 1029 0000r00000 oy O00D00r-00
gooodoodoooooooooouboooodo0dO00lze = 2za, = minj=1, . 2,
goooooDooobooonoboobioobiDy 000000000 as =100

00 229 nxn00 ADDDOODODOOOOOOOCOOOOOOOO Az = b, Ay = c
Oz,y,bcecCr000000000 |y <eViDOOOOOO

‘1‘2|§yz Vi:1,...,n.

Proof. |z| = (|z1],...,|z,)T 0000000000A0D0D0D0OO0DOA >0000000
x=A"'b,y=A"1cOO
2| < AT < ATle=y.

O
3 OdOooooodoo
gooooooooooooooooooon
31 OOoOooood
000000o0o0oDoobObOO0O000000000 Dirichletd O
—Au=f inQ, u = up on I 3.1

ooooooooooooobooooooooboooOoooobbooOoooD fOoOODDOOO
OoooooodgboODbiichletD 0000000 0ODOD0ODODOOODODODODODOOOODODOODOD

goboobooobuooboooobooboonobo

A(Au) = f
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32 0ODOOOOooOOoo

odoooodooooooooooooooooooo
Au—pz = f1, Av—py=fo, uz+vy,=0
godooooooooooo
Uy — vy = 0, Uy + v, =0
odooooooooooo

gboo20000000000000

00 31 QcR’0000000000000
a(l'ay)uxx + 2b($ay)uxy + C(:I"a y)uyy + d(l" ya U,Ux,Uy) = f(xvy) ($7y) € Q (32)

Oac>0a—-b*>00000000 000000 0000000

goboobooboooboobooooooboooooboon

(1) Dirichlet 0 O

U =uUp on 0f) 3.3)
(2) Neumann [ [
ou
— =N on 02 (3.4)
on
(3) Robin O O
ou
— + ku=pN on 0f) 3.5)
on

(4) 00000Q0000Q000000 pODirichlete0 000 F'yONeumann D 00000
000N =TpUlyOTpNITy =000 p 00 Dirichlet 0 0 Oy 00 Neumann O 0 00O
OO0 RobinOOOODOOOO

32 0OO0O0OOO0ODOOO0

gboobooobobbooboobobbobooobobbobooboooboboooooon
goboobooobboooboooo

e NOUOOOOODOODLOOODODOODLOOODDOODOO

e JO0DODODOOODODODDODODODLOD Lax-Milgram O OO OO OOOODOODO
gbobooboobooboboobooobboooboon

OO00oO0bO0OO00O0OdbooOdy0oobOO00ODOD QOUODOOODDOODOUODDOODOO
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Jooooooboboobboodooooo GnHooooooooooooooo
u—1ip € HH (D), /Vu-Vvdxdy:/fvdacdy Yo € HY ().
Q Q

D000H'0000000004p0wp0 Q0000000 000000

—Au=f in(), @:O on 0f)
on

U000 Neemann O OO OOOO0O0OOO0O0OOOO0O0DOO0OODOOOOODOODOODOOODOO
DDDDDDDDDDDDDDDljfﬂfda::m]DDDDDDDDDDDDDDDDDDDD
gooooo

33 OO0O0OO

gboooboboooboobooooboooobobooobooboooobbobooobDon
ooobobooooon

gboboobooobooobboboboobooboboobooboooboobooboooboooon
ooooooooooooooop20000 3200000 «00000f00000O0O0DOO
2000000000

B8 coooo v —v,=00000000000000000000000000000
00000000000000000000

000000 @¢2)0000000Q=R200000000
AUzz + 2bUgy + Clyy + diug + douy + eu = f in R?
gboboboboboooooooooooooooooon
el < Calllflls + llul72)-

000 |-|lgs0s-0000000000000 [2-00000000000000000000
f0s0000000 0000000000 (s+2)-0000000 L*(R*»-000000

o000 QOoO00oooooogoooo

el Zesaqaey < O (2 K)oy + ltl 22

D000000000KOKCcQUOOOOOO0000000000 | {las@O |- r00
00000000000000 Q0000000

B8 coo e yo000000000000000000000000000
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gobooboooobuooboooboobboooboobboooba

—(a1uy + aguy)z + (a3uy + asty)y + (b1u)z + (bau)y + cu = f

000000000000 3335000000000

(1) Dirichlet 0000 3.3) 0000k >0000000Q0 C**2.00004a;,b € CHQ)D f €
H¥Q)Dup € H¥?(0Q) 0000000 we H2(Q)UOOOO
00000000000000000000000000000000000000000
000000000000000000000000000000000000000

2) 0000 birichlet 0000000000 DOOO0OO0OO0O0ODODOODOO0OOODODOODOO
ocoooooomoooooboooO0oOo0ooObDOo0DoUODO —Auw=f0O0O0O
goboooo

- fel}(Q)000 Q000000000000 we H3(Q)DOODDOOO

-00QU0D00D0000 F?-000 »/*000000000000000000
w>r000000000000000we H¥Y2(Q)0O000000

(3) Neumann 00 Robin 00 (3.5 000 0ODirichlet 00000000000k € C*1(09) O
oy € HF1/2(00)0D000000uw e H?(Q)0000000000000D0O0J Neumann
D0000D000000D0000000fel?(Q00000uwe HX(QOOOODDOOO
we H¥2()000000000000000 f,f=00000000000000000
D000000000

oboboobooboboobooboonbD pyO0O00DO0ODOOO

4 booobooboooboooboobooobooboboobooobooboboOobbDOobooboo
RN HS(Q),S<%DDDDDDDDDDDDDDDDDDDD

B coooco

—eAu+b-Vu=f in{Q, u=0 ondf2

OO000O00DO0O0Ob0OO0O0O0e>000b0divb=0000000000O000O0O0ODDOO

obbo0«0boobbooboobooboboobooon

5/|Vu|2dx:/fudx
Q Q

ubboobogoobooobobooobooobooon

Co
IVullzz@) < —l1fllz2(@)

gboobooooooooooo

ubdtdebgboobouooboboobobuoobobooboboobobobobn
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34 00OO0OODO

gobobooobbooobboooobo %DDDDDDDDDDDDDDDDDDDDD
gboboobboobbooboooboobbooboboobboobooobooboooboo
gboboobogbboobooboooboobooon

000000000 Dirichletd NeumannD Robin O 0 0 00 OD0OOOO0OOOOOOOOODO
gobobobobobobobobobobobobobobobobooboboobbboobobo
gobooboooboboobooobbooobooboobobooboooboboobooboobon
gobooboobooobooboon

gd

oo 31 0oooooooobooooboobboboobobooboobooon

0 (z>0)

(D) Au=0 inQ:={(z,y); y >0}, u(z,0) _{ 1 (z<0)

000 u(z,y) = 2 arctan £0
0 0 >0
@) Au=0 inQ:={(z,9); y >0}, aqy‘(xm:{ (@ >0)
0000000 u(r,8) =—2r*2cos 360

() Au=0 inQ:={(z,y); y >0}, u(z,0)=0(z>0), uy(z,0)=0(z<0)
0000000 u(r,6) =rY2sin 160

4) Au=0 in Q:= {(r,0); 0<7‘<r0,0<9<g7r}, u=20 0n9:O,;7T
ooo u(r,&):rz/?’sin%HD

34 0OO0O0OO0OO

goboboog20000bo0o00oobobo0oooboooboooooobooo20b0000000

00 3200000000000 a,b,el a,c>0b02<a 0000000000
gy + 2bUgy + Cliyy > 0 in €}

00000000«0 Q00000000 900000000

OO0 33 00«000Q000000ooon
AUy + 2bUgy + clyy + diug + douy +eu =0

ooobobO0dec>00000e<Oob000O0ObDOOOObO0DQUOUODOOOODOO
gobooobooooooo
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4 000000

4 0JO0O0Oogd

gbooboooobobbooboobobbobooooboboobooboboooboooon
gobogooooboo

41 OO0

QCRdDDDDDDDDDDDDDDDDDQT::QX(O,T)DDDDDDDDDDDDEI

oboobo rLooooogoo

ou
E_Lu—kf

O Dirichlet 0 O O O
“‘aﬂx(o,T) = up
ooooo

u(x,0) = u°(x), x €N
00000000000
00000000000000000000000000000000000000000
e Q:=(a,b) CRODOOL=2,0000
e QCRIOOODONONONONONONONL=A0000000000000

e QCRINDIDIDODDIDDOOO
d

0 0
=Y oo (e )
3,0=1

00000000LDO00000000 a5 €CHQ)O
d
NEP < Y ai€i; < AP, AA>0
i,j=1
goboooooboooogo

gobodboooboobooobooboo
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. ooog ~
0000000000 w:Qr—»RO% 24 e c(@)00000
ou 0%u )
E = w + f m QT = (a,b) X (O,T), (41)
u(a,t) = A(t), wu(bt)= B(t) for t € (0,7), 4.2)
u(z,0) = u'(x) for z € (a,b). (4.3)

N

0000o0oo0o0o0@.)yoooooooO (e,b) 00000000 OOOOOOOOOOO
00000000« 0000 fOO00OO0ODOOOODOOO

42 00000000

000Q,000000000000D0000D00000D0D000O0O0xz¢€(e,b]000000
000000000¢te(0, 7000000000 Q000000000

e JODODODOOO
b—a
hi=—— NcN
N’ <

000(e,b 0000 a;=a+ih, i=0,...,NOOOO

e JOOODODOO

T =

T
—, reN
-

000[0,7]0000 ty=kr, k=0,...,r 0000

e Q0000000 0ODDOODO
{(:):Z-,tk); iZO,...,N, kZO,...,T}.

000000000000 0000000000w0 Q000000000 2% 2unpp
00000000 (z4,6) €Q,00000z; € (a,) 00000

Pu, ) = w(i—1,tg) — 2u(x;, ty) + w(@ivr, ty)
7(:617 k) — h2

+ O(h?).

gobooobooooboo

uf = u(x, tr)

DDDDDDDDDDDDﬁ"’DDDDDDDDDDDD

0%u 1
s @at) = 5 (ul = 2uf +ulyy ) +O(R2).

gbobodboobboobooobbooooab
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@ t, €[0,7)0000

(b) t, € (0,7)0000
ou

o _1 k k-1
o @it = — (uf —uf )+ 0(r).

gboboboboooooboooooon

@ (zi,t%), i=1,...,N—1,k=0,...,r—10000

kAL gkl —2ul ol
: TW:@4 o+ [T+ O+ ).

u

®) (zi,tp), i=1,...,N—1,k=0,...,r—10000

k1 k k41 k1 | k+l
w; T — U U —2u;" +
: L4 L O(r + ).

i i Wi
T h2

000 O(r+h?) 00000000 (z,4)0000000000 00000000000

Ut —uf UL, - 20 + U,

(a) +fF i=1,...,N—-1,k=0,...,r—1,

T P ’
Ukt _ gk Ukt _opktl 4 kil
(b) - T L = el }:2 4l +fik+17 Z':17...,N—]_,k:0,---,7‘_1

goboobooobboooboobboooboobbobobooboobbooobooon

oooooo UF = A(ty), UN=B(ty), k=1,...,r
goooooo U2 =u(z), i=0,...,N.

7

(D0D000000Kk=00000000%i=0,...,NOOOOOOO UMY i=1,...,N—1
000000000000 000000000000000 000 000000000(b)0
0000000 000000 Uki=0,...,NOOOOOD t, 000 UMi=1,...,N—-1
0000000000 UMY, Ul 00000 100000000000000000000
(0000000 0000000

bG)DO00~e(0,]]0D0000@DO 1—-yOOOODODDOOOODOOODOO

k k+1 k1l | prh+l k ko 77k
Uit - uf :,infl —2U0;77 + UL, +(177)Ui71_2Ui + Ui R (1= ) f
2 02 i i

T

gbooobobooooboboboobobdbdy=00000000000y=100000000
DDD’ye(O,I]DDDDDDDDDDDDDDDDDDDDDDDDDDny:%DDDDDD
O00Db0O00ODO0OCrank-NicolsonO D OO OOoooooononO

gbobobobobobo
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00 41 00 (41)-(4.3)00 w0 22 2 c c(Q,) 00000000

o2’ ozt
k+1 & k+1 k41, kel k koo ok
it —uy wy = 2uy T gy ;g — 2uf +ui, k1 ko, k
pn =7 32 + (1 =) 72 AT A= e

Di=1,....N-1,k=0,...,r—1,v€[0,1]0000000000000¢F =¢&¥(h,7) =
O(r+h?),0000000 M,hg,7o>0000000000000

¥ < M(r+h?)  ¥re(0,m) Vhe (0,h).
000024 24 e C(Qr)00y=10000

ot3 ) 9zt

ef=0(*+hn?), i=1,...,N—-1, k=0,...,r—1.

1

Proof 000000000000 000000000000000000000 Crank-Nicolson
Oy=1i000000

Lk L (k1 k41, kHl ok ko, ok Lokt | ok k
;<ui+ _ui)zi( i = 2w +Ui—1—2ui+ui+1>+§<fi+ +fi)+5i

2h2
gooooo
1 8u(xz-,tk) 8u(x,;,tk+1) uiﬁ_l —uf 2
5 = O 4.4
2 ( at ot - Tor) ¢4
gobooooooooooooooo
goooooood
T O0u 1,7.20%
ub T = (i, ) = u(mite+3) + 55(%,@9 +5) + 2(5) 72 (Tirte + 5) + O(2),
- TOu . 1,7.20%u
Uf :u(mi,tk) = u(zi,tk+§) — 55(1‘1,75]9—{-5)—}— 2(5) 8t2 (,rl7tk_|_ )+O(’7’3)
gooogoooooood
k+1 k
U, — U; u - 2
-+t - L = a(l’j,ﬁk‘i‘g)—FO(T ) (45)

gobogboobbooooab

ou ou T 0%u

E(%’;tk—&-l) = o (@it + 3 )-1-5@(331‘,%4-%)4‘0(72)7
ou ou T 0%u -
5 —(mj, t) = 5 —(wi,ty + 7)) — 5@(%’%4_ 5) +O(72).

gobooboooboooboooboo

ou ou ou

2 — (. T 2
8t (x“tk"rl) + 6t (x’L?tk) 8t (x27tk + 2) + O(T )
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gobobobob @soobooooodsOOD

gooo

1 d%u

ﬁ <'LL£'€71 — 2’U;f + U§+1> a a2 (ﬂ?l,tk) + O(hZ)

b0 k0 k+100000D00DO0OOODOODODOODOODOODOODODODO ei-“DI]
gbooboboboob

ou Ou 1 0%u 10%u 1 1
ko 2122, g oy, _ Lkt Lok
&; 9 |:8t (:L'thk-ﬁ-l) =+ ot (xlatk‘):| 28 g(xlatk‘-i-l) 26.’1)2 (xlatk‘) 2fz 2f1

+0(7%) + O(h?)
= O(T* + h?).

goobooooobobdwO %:%—i—fDDDDDDDDDD 1000000000004
oooooofO000ODOOOOOCO0OOOODOObDbOOn g

000000000 k+100000000000000mn, :=(N-1)000000
0ooo0o0o0o00ooo Uy = (Uf,...,U0f)T e R»000000000000000C
k+1 k+1
UfF L UFL UM USS 00D fO0000000000000000000

1
LUk - Uf) = A - (- A} + “6)

OoooooooooooooA,O

2 -1 0
-1 2 -1 0
1
0 0 -1 2

0O00000000000A4,00000000000000000000000000
eh = (vf’““ (L =N+ AtR) + (L= DA, + =N,
T
VINTS + (=N ooy T+ (—v)fjkv_lJrvB(tku)+(1—7)B(tk)>
0000000000 UY0000000 UY =@ (z1),...,w°xy_1)T 0000000000

g

00 41 00000000D0O0ODO0O0DOODOO0ODOO0dODO0ODOO0O0DOODOO0ODOOOn
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goooooboogd

% —Au+f in Qr=(0,1)% x (0,7),

u(z,y,t) = up(z,y,t), (x,y) € 0Q, t € (0,T),

u(z,y,0) = u’(x,y),  (z,y) €

43 0O0O0OOO0OODOOOOOOO

0000000000000000000000000 Uf,efeR™0n,xn, 00 A, D
0000000 46)000000000A,000000000000000000

@Goe)boooooon
(I + 7 AU = (I — (1 = )74, U} + 79}
gooooao
Ag =14 ~7Ap, AD:I—(I—"}/)TAh

goooo
AU = ApU} + ¢}, 4.7

goboodgboboooboooboo

00 42 00 Ay00O0O00O0O0OOOOOOOODOODOOOOT>0,ye(0,1]00000
obobobobo ¢.7)0bobogobobgobo

Proof Apy0000000000000I0~7A,D00000000000O0D0DOOOOOOO O

DDDDDDDDDDDDDDDDDDDDDDDDDDU%GR”’LDDDDDDDDDDDD
vwOO0ooooobobooos-0obobgbooboboobobobboobobooDoboboD
gbobodgboooboogo uﬁDDDDDDDD

Ny =l —U; cR™

Ok0000000000000O0O0O0000OO00ODO0OOOR=0O00O ||-|00QODO
ooo

00 43 (0,00000 Mc{(h7); h>0,7>0}00000000000

li Fl=0
G0 iy Il
(h,7)EM
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000000000000 (47000 MO0000000-0000000000000max
00000 to,t,...,t, 0000000000

NN nfLDDDDDDDDDDDDDDDDDD EZDDDDDDDDDDDDDDDDD

Agul™ = Apuf + 7¢f + b

00000 @&)HO00000Agmi™ = Apnf+7¢f00000000000000000000
0000000000000000000000000000000000000000000
0000000000 {n};,00000000000000000

nh =0, (4.8)

AHT’z-J—l:ADnﬁ-{-TEﬁ, k=0,...,r—1.

oo 44

e 00 K, ho,7o>000000

max |lef|| < K (h? +79)  Vh e (0,hg) V7 € (0,70)
th[O,T}

gobooboobboobob oobboo po obbo0b gu0bOo0obo

e UODOOOO pOOO0O0OOODO ¢gO p,g>0000000000000 000 O0O0OO0
oo

e 00 C>000000800n0

ki< ¢ J V(h
tkrg[%fg[,]\lnhll <O max el (h,T) € M

0ooo0oooo0ooooMOOOOOOD || -|0COODOO0D0 OO0 O0ODOOOOO

0D0OM = (0,hy) x (0,7)0000000 hy,n > 000000000000
000000 000000MO0D00000000000000000000MO0
00000000000000000 0000000 0000

gbobobobobobobobo

00 45 00000 MMO00000D0 ||-|000000000O0OODOOOOOO pOOO
oobbq¢U0DbOM>00000000000DO0

max Hn’ﬁ” < M(hP 4 79) Vh, 7€ MnN(0,hy) x (0,79).
t,€[0,T]
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goboobooboobobooboooo

00 46 00000 MOOOODODOOD|-|0000000000000000O0OOOO
MOO0O000 |-|00000000000

k
ma —0 as h,t — 0, (h,7)€e M.
tkE[O?(] th” T ( T)

gobooooog
oo + 000 = 0OO0O.

J00o0o00oogoooooooogooo41 000000« 0 ooogooooogono
el < K(W*+7)  he(0,hg), € (0,7) (4.9)

DDDDDDDDDDDDDDDDDDD(’y:%DDDDDK(h2+T2)DDDDDDDDDDD
200000000D00DO0DODOD

D000000000000000000S:=A4;'4p00000@.8000
nith = Sny + TAG'e),

000000000000000000|-|0000R*»00000000 |-|0000000
000000000000

00O 47 00 c>000000
JAG | <e¢, [ISY)<ec  W=0,1,..., Y(h,7) €M

000000000Q0oo0oO0 46)0 MOOOODOODO || -jD0000OOO0OOOOOOO

Proof. nf = 0,m;"!' = Snf +rA b DDODDDOOOOO

1 —-1_0 2 —-1_0 —-1_1
T]h:TAH Eh, T]h :TSAH €h+TAH Eh?

goooooboognd

k
k k—v g—1_v—1
nh:’TZS AH Eh

v=1
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O00o0o00oo0o0ooO0o0oooUoooooUooO0Ot,r)emMooooo

k
k— -1 -
Y NS IAG ey

v=1
k
7Y len
v=1

The? max |e] |
t;€[0,T

IN

25

IN

IN

IN

AT max ||e)]|.
t;€[0,T

oooocCc=47T00oon

ki< o g V(h,7) € M
e |74 < max el (h,T)

googond g

gobooboboboooooooorR»-goOooOODDOOOOOoOoooooobooODDOn, =N-1,

h=%200000000000M000000 |||x00000000000000000000

000000000000000000000000 L2-0000000n, = (1,...,7,)" € R™
0oooo

nh 1/2
7]z = <h2m2> = Vh|n,llx (4.10)
=1

0000000@1000020000(S|l2=S|e000000D0SO0O0000DOOOYS2=p(S)
ooooo

B8 20000000 @100000AD00000000000000000ue C([a,b))
0000w, = (u(z),...,u(z,,)) ' 00000000;,i=0,...,n,+1000000000
0000000000000000

nn 1/2
[unll2 = <hz UQ(%))
=1

obobobohr—=0+00000DODODO

1/2

b
. _ 2 _
Jim funll = ([ 2@ dr) = ulean

oooooobohAOODOOOOOODO

00 4800 4, 00000000000D0O

(1) Sp(AG') = {u = RS Sp(Ah)}

147y
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1—71=v)v

(2)5¢09)=={u== T

vV E Sp(Ah)}

Proof. 000000000 DO0OQRUOOUOOpe Sp(S)0 det(S—pl)=000000000

— 1=7(0—)v - 1—p
S—pl = (I+mA)~ (I —r(1 — 7)) — L=TE=2v,
— = T — T — —
K YAhn Y)Ah 1+ 790

_ T 10,7 _
i (I +7vAp)" (vl — Ap)

0000 Zpdet (I +7y4,) ' 400000000000

det(S—ul)=0 < det(vl—A,) =0

obobobobobo @@ubobobobo O

00 49 00 AhDDDDDDDDDDDDDA;D SOO0000O00O0o

Proof.

e Ap=1+mA, 00000 7‘>O,76[0,1]DDDDDDDDDDDDDDAI_{IDDDD
ooooooo

e ST=5000(Az'Ap)' = A;'ApDD0DDOOO0AL 0 Ap0DDODOOODOO0O0O000
ApAy' = Aj'Ap 00000000000 ApD Ap0000000000000000
00 Ap, Ay 0000000000000000

0 4.10
A5 2 = p(AGD), ISl = p(S).

00 41100 L2-00000000)
(1) |A7t 12 <1 V(h,7) € (0,+00)?

2)vel0,3)0000O

bcr< 2 1
T TN 7’
T p(Ap) 1 -2y

0000 (hr)000 S| <1000000

0<h

(3)y€2,1]00000000 (h,7) € (0,400)2000 ||Sl2<1000000
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-76 hooooooooo |- p,-00000000000000000000000

2 1
= : <
M %Mﬂ’h>ao<7—pMM1—wJ

DDDDDDD7€[%,1]DDDDDDDDDDDDD

Proof.

() [ AG 2 = p(AH D000 p(A;H)<10000000000000 9 € Sp(4;1)000D0
0—1HWDDDueSMA@DDDDDDDDDDV>WL%DDDDDDT>Q76mH
0000000<9<100009eSp(4;)000000000p(451) <1

(23) ||IS]2=p(S)000000p(S)<100000000MD0000pe Sp(S)000O00O0
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