Calculus A: Problems with Solutions
Chapter 1: Real numbers

Problem 1.1 Show that if a and b are any numbers and a is not equal to 0, then there is one and only
one number z such that a - = b, and that this number is given by z = b - a L.

We are required to show two things: the existence (“there is a number ) and the uniqueness (”one
and only one”) of a solution.

e Existence: It is enough to check that the number « = b - o' satisfies the equation a - z = b.

a-x = a-b-al
= a-[a ! by axiom (M1), commutativity
= [a-a”']-b by axiom (M2), associativity
= 1-b by axiom (M4), existence of inverse
= b by axiom (M3), existence of 1

Therefore, a - = band so z = b - a— ! is a solution.

e Uniqueness: Let y be any solution of the equation a - x = b. Then,

a-y = b
at(a-y) = at-b by axiom (M4), existence of inverse
[a_l . a] y = al-b by axiom (M2), associativity
1.y = alb by axiom (M4), existence of inverse
y = al.b by axiom (M3), existence of 1
y = b-at by axiom (M1), commutativity

We have shown that if y is a solution then y = x, which means that z is the unique solution.
Actually, the second part (Uniqueness) of the proof is enough to show the statement of the problem
(why?).

Notice that application of axiom (M4) requires a # 0.

Problem 1.2 Using just the ordered field axioms, prove that if ab < 0, then a and b have opposite signs.

There are several methods for proving this statement. We will give here only two of them.
(In this proof we assume that ”a - 0 = 0 Va € R” is already proved.)

Method 1: checking all possible cases

According to axiom (O1), there can be only three cases for a: a > 0 or a < 0 or a = 0. In each case
we show that the statement of the problem holds.



e a > 0: If we can show that this implies ¢~ > 0, then we have

ab < 0
atab) < a7'0 by axiom (O4)
(e ta)b < 0 by axiom (M2)
b < 0 by axioms (M4) and (M3),

hence a and b have opposite signs.

The fact that a=! > 0 can be proved by contradiction: assume that ! < 0 or a~! = 0, then
we use (O4) and multiply the inequality a= < 0 by a > 0 twice, getting 1 < O and a < 0, a
contradiction with a > 0. Ruling out ¢! = 0 is similar.

e a < 0: In this case —a > 0 (follows by adding (—a) two times to each side of the inequality and
using (A3), (A4)). Since (—a)b = —ab > 0 (this follows from (—a)b+ab = [(—a)+a]b =0b =0
and the axioms), we have similarly as in the previous case that (—a)~! > 0 and thus

(—a)b > 0
(—a) H(=a)b] > (—a)7'0 by axiom (O4)
[(—a)_l] b > 0 by axiom (M2)
b > 0 by axioms (M4) and (M3),

In this case a and b have different signs, too.

e a = 0: This case cannot happen because then it would hold that ab = 0b = 0, which is in
contradiction with our assumption ab < 0.

In both possible cases a > 0 and a < 0, the assumption ab < 0 implied that ¢ and b have different signs,
so our proof is complete.

Method 2: by contradiction

We assume that ”a and b have different signs” does not hold and derive a contradiction. It means
we assume that a and b have both the same sign or that one of them is zero. In each case we derive
contradiction:

e a = 0: Then ab = 0b = 0, which is in contradiction with ab < 0 (according to axiom (O1)).
e b = 0: This is analogous to the previous case.

e ¢ > 0Oand b > 0: Then by axiom (0O3), we can multiply b to both sides of a > 0, obtaining
ab > 0, which is contradiction with ab < 0.

e a <0andb < 0: Then —a > 0 and —b > 0, so it is sufficient to show that (—a)(—b) = ab, since
then it follows as in the previous case that (—a)(—b) = ab > 0, a contradiction. Actually, we
have to show only a - (—b) = —(ab) because applying this two times yields (—a)(—b) = ab. We
write a(—b) = a(—b) + ab+ [—(ab)] = a[(—b) + b] + [—(ab)] = a0 + [—(ab)] = —(ab), where
we have used several axioms (try to list all of them).

Problem 1.3  Using just the field axioms, show that
(z+1)2=22+22+1

for all x € R. Would this identity be true in any field?
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(z+1)(z+1) = z(z+1)+1(x+1) by(AM)
= (z+Dz+(z+1)1 by Ml)
= ?+r4+a+1 by (AM)
= 22420 +1

Here 22 is just another symbol for x - x, while 2z is obtained as 2z = (1 + 1)z = x + .

Since we have used only the field axioms in the proof, this identity holds in any field.

Problem 1.4  Using just the axioms, prove that ad + bc < ac + bd if a < b and ¢ < d.

First we notice
a<b = a—a<b—a by(O3)forc=—a
= 0<b—ua by (A4),

and similarly
c<d = 0<d—c by(03)and (A4)

Hence, we can use (O4) to multiply the inequality 0 < d — ¢ with the positive number b — a:
0<d—c = 0b—a)<(d—c)(b—a) by(04)
= 0<bd—bc—ad+ac by (AM)and M1)
= ad+ bc < ac+ bd by (03) and other axioms

Problem 1.5  Show for every n € N that n? > n.

If n = 1 then by (M3), n? = 1, and the statement is true. Otherwise, n is at least 2, so we have n > 0
and n — 1 > 0, whereby we may apply axiom (O4) takinga = 0,b =n — 1 and ¢ = n:
0O<n—1,n>0 = 0<(n—1)n
= 0<n’—n by(AM)
= n<n? by (03)

Problem 1.6  Using the just the axioms, prove the arithmetic-geometric mean inequality,

\/@Sa;b

for any a,b € R with ¢ > 0 and b > 0. (Assume, for the moment, the existence of square roots.)

Since we are assuming that \/a, Vb € R, by axiom (O1), only the following three cases are possible:
va = Vbor/a < Vbor b < \/a. We consider these cases one by one.

e When \/a = /b, the statement is true because \/aa = a = % Here the first equality is the
definition of square root, and the second one follows from

1 1 1
G;QZQ'(a+a):2-(2‘a):<2->-a:1'a:a,

where we have used the axioms (M2), (M3), (M4).
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e When v/a < Vb,

Va<vbhb = 0<vVb—+ya by(03)
= 0-(Vb—Va) < (Vb—a)* by (04
= 0<b—2Vab+a  by0-c=0and(AM), etc.
= 2Vab<b+a  by(03)

b
~ Vab< L‘g by (04)

In the last step, we used (O4) with ¢ equal to the inverse of 2, which is 271 = % and applied also
(M4) and (M3) on the left-hand side.

e The case vb < y/a is analogous to the second one. We can also argue that the formula we are
proving is symmetric in @ and b (i.e., it does not change when we switch the roles of a, b), hence
it is sufficient to prove the second case.

Problem 1.7 Find sup F, inf E for the following sets and decide whether these sets have a maximum
and minimum. (1) {;%5: ne€N}  2){peQ: |p| <n}.

(1) If we write the specific form of the elements of this set, we see that
E: {%7%7%7"'}'
It is clear that the numbers are increasing. We can show this by proving the inequality
(n+1) S "
n+1)+1" n+1’

which says that a member in the sequence is always greater than its predecessor. (The proof of the
inequality is easy - just multiply both sides by (n + 1)(n + 2) and cancel identical terms on both
sides.)

Hence the smallest element of the set is the first one (%) and this element is both the infimum and
the minimum of E since it belongs to F.

What about the supremum and maximum? One can expect that the supremum will be 1 because
limy, 00 nL+1 = 1. To show this precisely, we use the following equivalent definition of the
supremum:

” M is the supremum of F if and only if the following two conditions hold:
e ¢e< M foralle € E.

e For any € > 0 there exists f € E suchthat f > M —¢&”

For M = 1, the first condition is clear and the second one follows from the archimedean property.
Indeed, by the equivalent statement of the archimedean property, for any £ > 0 there is a natural
number n such that n%rl < €. Subtracting 1 from each side of this inequality and multiplying the
resulting inequality by —1, we get 1 — n%rl > 1 — ¢, which is exactly what we wanted to prove.

Or, we can just say that we set f to be 7,

check that then f > 1 —e.

where n is some natural number greater than % -

Since sup £ = 1 and 1 is not a member of the set F/, the maximum of £ does not exist.

(2) Let us think about the supremum and maximum first. The number 7 is obviously an upper bound
of E. We will show that it is the supremum of E. For that we will again use the following
equivalent definition of the supremum:

s is the supremum of F if and only if the following two conditions hold:
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e c<s foralleec F.
e For any € > 0 there exists f € F suchthat f > s—¢.”

The first condition is satisfied and the second one means that we have to find a rational number in
the interval (7 — ¢, 7). But this follows from the density of rational numbers in R. Therefore, 7
is the supremum.

Since the supremum 7 is not a rational number and thus does not belong to the set £/, the maximum
for E/ does not exist in this case.

For infimum and minimum, the proof is analogous leading to the conclusion that — is the infi-
mum of F and there is no minimum. Here we use the equivalent definition of infimum:

”m is the infimum of £ if and only if the following two conditions hold:
e e>m foralle € E.

e For any € > 0 there exists f € E suchthat f < m 4¢.”

Problem 1.8  Find sup F and inf £ and (where possible) max £ and min F for the following sets:
@E=N ®OFE=Z ©FE=Q (@E=R (¢ E={-3,257}
OHE={recR;22<2} @E={rcR 22-2-1<0} (hE={1/n;neN}

Compared to the previous problem, we give only a short explanation. The reader should fill in the
holes.

(a) The set is not bounded above, so sup ¥ = oo and maximum does not exist. On the other hand, 1
is the smallest element, so inf £ = min £ = 1.

(b) The set is unbounded both below and above, so sup £ = oo and inf £ = —o0.
(¢) Similarly as in (b), sup F = oo, inf £ = —o0.
(d) Similarly as in (b), (c), sup £ = oo, inf £ = —o0.

(e) The set is finite (i.e., has only finite number of elements), so it has smallest and largest element
andsup ¥ =max F =7,inf E =min £ = —3.

(f) The least upper bound (supremum) is v/2. We prove it by checking the two conditions of an
equivalent definition of supremum s of a set F:
—e<s forallec FE.

— For any € > 0 there exists f € F such that f > s —¢.”

For s = /2 the first one is obvious from the definition of the set F, and the second one is shown
by noticing that for any £ > 0 the middle point between v/2 — € and v/2, that is v/2 — 5. belongs
to the set F.

Hence, sup F¥ = V2, and similarly, inf E = —+/2. However, since the points +1/2 do not belong
to the set F/, the maximum and minimum do not exist.

(g) Since 2 — z — 1 < 0 is equivalent to 1_7‘@ <z < 1+T\/5’ using the same arguments as in (f), we

conclude that sup F = 1+T‘/5, inf £ = % and the maximum and minimum do not exist.

(h) This subproblem is similar to the first part of the previous problem. The sequence % is decreasing,
so the largest element is the first one (for n = 1) and thus, sup £ = max EF = 1.
On the other hand, inf £ = 0 but 0 does not belong to the set, so the minimum does not exist. To
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prove that inf £ = 0, we use the equivalent definition of infimum and the archimedean property
as in the previous problem.

Problem 1.9 Using the completeness axiom, show that every nonempty set £ of real numbers that is
bounded below has a greatest lower bound.

The idea of the proof is to reduce the situation to the case of least upper bound for which we have
the completeness axiom (this problem is actually just the completeness axiom for the “other end” of the
set E). This is done by considering a set F' which is the set E' but with “opposite sign”. If we have this
idea then the rest are just technical details which are however important and follow below.

Since E is bounded below, it has a lower bound. Let us take one such lower bound m, so that e > m
for all e € E. Since we are required to use the completeness axiom, we have to create a situation, where
we have a set that is bounded from above. One of the possibilities is to use the following trick: define
the set F' by

F={-z:2z€FE}
Now, F'is bounded above by —m because for any f € F' there is an element e of E so that f = —e and
then
f=—-e<—m,

by the fact that m is a lower bound of E (that is, m < e).

Next, we use the completeness axiom to deduce that the set F' has the supremum (least upper bound)
M. We would like to show that —M is the infimum (greatest lower bound) of E. First, — M is definitely
a lower bound of E because for any e € F there is an f € F' so that — f = e and then

e=—f>—-M,

since M is the supremum of F' (and therefore f must be < M).

It remains to show that — M is the greatest lower bound. We can do it by contradiction: if it is not the
greatest lower bound it means that there is a lower bound of E that is still greater than — M, we denote
itby —N (i.e., —M < —N). Then, similarly as above, we can show that N is an upper bound for F'
which is smaller than M = sup F’, a contradiction!

Problem 1.10  Let x be any real number. Show that there is m € Z so that
m<z<m+ 1.

Show that m is unique.

Set E = {n € Z; n > x}. E is bounded below by the point z and is nonempty since from the
archimedean property there exists a natural number n such that n > z. Hence from Exercise 1.8.2 in the
textbook (solved below) the set E' has a minimum. Let M/ = min E. Then we have that

M-1<z< M
(the first inequality can be shown by contradiction) and setting m = M — lyieldsm < x <m + 1.
Now we show the uniqueness of m by contradiction. Suppose that there are m, m’ € Z such that

m<m/, m<z<m+1l, m<z<m +1
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Then (because m + 1 < m/)
r<m+1<m <z

This cannot occur and, therefore, m is unique.

Problem 1.11  Show that
o =sup{z € R; 22 < 2}

exists as a real number and that o2 = 2.

Put £ = {z € R; 22 < 2}. E is nonempty since 1 belongs to E. If x € E and x > 1 then
r < 22 < 2, so 2 is an upper bound for E. By the completeness axiom we deduce that £ has the least
upper bound which is a positive real number. Let us denote it by o = sup E.

We shall show that o = 2 by ruling out the possibilities that o® < 2 and o > 2. Suppose first that
a? < 2. We can see that there exists a real number z such that

a <z, 22 < 2.

To show this, set © = o + 1/n where n € N. Then we find
) ( 1)2 |
r=(at+—-—| =a"+—+ —.
n
Using the archimedean property, we find natural numbers L and M such that

1<2—M q 1<2—M
an — .
L 4o M 2

Setting n = max{L, M }, we have

1 2
x2:(a—|—> = 0424‘7"‘72
n n n

IN

IA

Hence o < x and = € E, which contradicts our assumption that o is an upper bound for E. So a? < 2
cannot happen.

Next suppose that o? > 2. We can show, in the same way as above, that there exists a positive real
number x such that
2 < 332, z < Q.

This means that  is an upper bound for E which is smaller than «.. But this cannot be since we defined
« to be the least upper bound of E. Thus neither o> > 2 can hold, and we conclude that o®> = 2.

Problem 1.12  Show that any bounded, nonempty subset of Z has a maximum and a minimum.
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Let S C Z, S # () be a bounded set. We shall show that S has a maximum. From the completeness
axiom, o = sup S must exist and be a real number. If o € .S, then we have found a maximal element of
S. Suppose not. Since « is the least upper bound of S, there must be an element of S that is bigger than
a — 1. That element cannot be « since we have assumed that o ¢ S. Thus we get z € S with

a—-1l<z<o.
Now z is smaller than the least upper bound «, so there must be another element y of .S such that
a—l<z<y<a.

But this implies that 0 < y — x < 1, which contradicts the fact that z,y € S C Z are two integers. Thus
o must belong to S and be the maximum of S. In the same manner we can show that S has a minimum.

Problem 1.13  Under what conditions does sup ¥ = max E?

The number sup F is defined for every set E.
If sup F belongs to the set F, the statement sup £ = max F is true.
To prove it, we just recall the definitions of maximum and supremum:

M is the maximum of FE if r<MVrxeFE and MecFE

s is the supremum of E if r<sVreFE and Ve>0dzr e Esuchthats —e <z

Therefore, if s is the supremum, then M = s automatically satisfies the first condition for maximum,
and if the supremum belongs to the set F, it satisfies also the second condition for maximum.

Another condition is: If max ¥ = M exists, then sup E' = max F. To prove it, we just need to check
that s = M satisfies the two conditions from the definition of supremum. The first condition "z <
s Vo € E” is trivial and in the second condition ”Ve > 0 there is € E such that s — ¢ < 2 we can
always take x = M because M € E.

One important (but not the only) case when this happens is when the set is finite (has finite number
of elements). Then we can order the elements and find the smallest and largest element, which then
become the minimum and maximum, respectively.

Problem 1.14  Show for every nonempty, finite set £ that sup £ =max F.

In view of the previous problem, we only need to show that the maximum exists. We show it by
induction over the number of elements in E. Let E be a nonempty, finite set.

1. When E has only one element, this element is obviously the maximum, so the statement is true.

2. Assume that the statement is true for all sets with n elements (that is every set with n elements
has maximum) and show it for every set with n 4 1 elements.
Let £ = {a1,...,an,an+1} be any set with n + 1 elements. Then the set {aq,...,a,} hasn
elements and so it has maximum by the induction assumption - let us say that it is the element ay,
where k € {1,...,n} - thatis,

a; < ag Vi=1,...,n.
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Now take the larger number of a; and a,,+1 (or any of them if they are equal) and denote it by M.
Thus M belongs to E and satisfies

ar < M and an+1 < M.
Putting the above three inequalities together, we have
a; <M Vi=1,...,n+1 and M e E.

Hence, M is the maximum of F and proof by induction is completed.

Problem 1.15  Let A be a set of real numbers and let B = {—xz; = € A}. Find a relation between
max A and min B and between min A and max B.

In the problem, it is implicitly assumed that A/ = max A and m = min A exist. From the definition
of maximum we have M € A and
a< M Va € A.

Since B = {—x; = € A}, the number — M belongs to B. Moreover, multiplying the above inequality
by —1 we have
—a>-M Ya € A,

which can be rewritten as
b>-M Vb € B.

Therefore, the number — M fulfills the conditions of definition of minimum of the set B, which means
that max A = — min B.

The relation min A = — max B is proved in an analogous way.

Problem 1.16  Let A be a set of real numbers and let B = {—z; = € A}. Find a relation between
sup A and inf B and between inf A and sup B.

For the first part with sup A, consider two cases:

e Ais bounded above.
Then a = sup A is a number. From the definition of supremum we know that
-VeeAd x<a

— Ve > 0 thereexists x € A suchthat a —e < x

We rewrite the above definition equivalently in terms of —z and —a:
-VzeA —z>—a
— Ve > 0 thereexists x € A suchthat —a+¢ > —=x

Since B = {—x; = € A}, we can rewrite this again as
-VyeB y>—a
— Ve > 0 thereexists y € B suchthat —a+¢e>y

But this is exactly the definition of the fact that —a is the infimum of the set B. Hence inf B =
—a = —sup A.
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e A is not bounded above.
In this case sup A = oo and inf B = —o0, and inf B = — sup A again holds (at least formally).

The relation sup B = —inf A can be proved analogously, or we can use the fact that —B =
—(—A) = A. Switching the roles of A and B in the first part of the statement (proved above) then
immediately yields sup B = — inf A.

Problem 1.17  Let A be a set of real numbers and let B = {x + r; = € A}. for some number r. Find
a relation between sup A and sup B.

Consider two cases:

e A is bounded above.
Then a = sup A is a number. From the definition of supremum we know that
-VeeA z<a

— Ve >0 thereexists z € A suchthat a — e <=z

We expect that the supremum of B will be a + r, so we rewrite the above definition equivalently
in terms of z + r and a + 7:
-VeeAz+tr<a+itr

— Ve >0 thereexists x € A suchthat a +r—e<x+7r

Since B = {z + r; x € A}, we can rewrite this again as
-VyeB y<a+r

— Ve > 0 thereexists y € B suchthat a+r—e<y

But this is exactly the definition of the fact that a + r is the supremum of the set B. Hence
supB=a+7r=supA+r.

e A is not bounded above.
In this case sup A = oo and since B is also unbounded above, sup B = oco. Thus sup B = sup A
holds (formally, we can say that sup B = sup A + r is still valid).

Problem 1.18 Let A be a set of real numbers and let B = {rz; x € A} for some positive number 7.
Find a relation between sup A and sup B. (What happens if r is negative?)

Consider two cases:

e Ais bounded above.
Then a = sup A is a number. From the definition of supremum we know that
-VeeA z<a

— Ve >0 thereexists z € A suchthat a — e <=z

We expect that the supremum of B will be ra, so we rewrite the above definition equivalently in
terms of rz and ra:

- Ve A rr<ra (OK becauser > 0)

— Ve > 0 thereexists x € A suchthat ra —re < rx
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Since B = {rx; x € A}, we can rewrite this again as
-VYyeB y<ra
— Ve > 0 thereexists y € B suchthat ra —re <y

The last inequality is a little different from ra — ¢ < y, which we would like to have. However,
this does not matter. Indeed, take any ¢’ > 0. Then for ¢ = &’/r there is € A such that
a — e < x. Multiplying this inequality by r, we get ra — re = ra — &’ < rz. We have shown that
for any &’ > 0 there is © € A such that ra — ¢’ < rz, and, in terms of B, there is y € B such that
ra — €' < y, which is exactly what we wanted to show.

Therefore, sup B = r sup A.

e A is not bounded above.
In this case sup A = oo and since B is also unbounded above, sup B = co. Thus sup B = sup 4
holds (formally, we can say that sup B = r sup A is still valid).

When r < 0, the inequalities are reversed upon multiplying by 7, so we get

e Vye B y>ra
e Ve’ > 0 thereexists y € B suchthat ra+¢& >y
(Notice that since r < 0, we have to take ¢ = —¢’/r in the above, so there is +¢’ in the last inequality.)

This is the definition of the fact that ra is the infimum of B, i.e., inf B = rsup A.
When A is unbounded, we get sup A = —inf B.

Problem 1.19 Let A and B be nonempty sets of real numbers such that A C B. Find a relation
among inf A, inf B, sup A, and sup B.

We will show that inf B < inf A < sup A < sup B.
The idea behind these inequalities is that B includes A and may have also other elements, so there is a
possibility that the supremum of B is greater than that of A (because the “other” elements in B may be
greater than the supremum of A). Similarly for infimum.

First assume that both sets are bounded and set a = sup A, b = sup B. Since b is an upper bound of
B, it must be also an upper bound for the set A, which is a part of B. Hence the supremum of A, which is
the least of all upper bounds of A, must be less than or equal to b. We have proved that sup A < sup B.
The proof for inf B < inf A is similar (do it as an exercise).

Next, we prove inf A < sup A. Since A is nonempty, take any x € A. Then by the definition of
supremum and infimum
inf A <ax <supA,

which proves inf A < sup A.

It remains to think about the case when B is not bounded. For example, if it is not bounded above,
the inequality sup A < sup B = oo is obvious (even if A is also not bounded above). Note that it cannot
happen that B is bounded above and A is not bounded above.

Similarly for the infimum.
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Problem 1.20 Let A and B be nonempty sets of real numbers and write
C={z+y, zeAye B}

Find a relation among sup A, sup B, and sup C.

We will deal only with the case when A and B are bounded and leave the proof of the unbounded
case to the reader. Set a = sup A, b = sup B. From the definition of supremum we know that

eVxc A x<a
eVye B y<b
e Ve > 0 there exists x € A such that a—%<x

e Ve >0 thereexists y € B suchthat b —§ <y

Notice that we took § instead of €, which, of course, we can do. Just by adding the corresponding
inequalities, we obtain

eVre AVye B x+y<a-+bd

e Ve >0 thereexists x € A and y € B suchthat a+b—ec <z +y

Writing this in terms of the set C', we have

e Vze(C z<a+b

e Ve >0 thereexists z € C' suchthat a +b—¢c < z

This is the definition of a + b being the supremum of C. Hence, sup C = sup A + sup B.

Notice that a similar result holds for infimum.

Problem 1.21 Show by induction that the number 5 — 4n — 1 is divisible by 16 for all natural numbers
n.

The proof by induction proceeds in two steps:

1. Show that the statement holds for n = 1: In this case 5! — 4 -1 — 1 = 0, which is divisible by 16,
so the statement is true.

2. Show that if the statement holds for n then it holds also for n + 1: Assume that 5" — 4n — 1 is
divisible by 16 for some fixed n and show that 5" ! — 4(n + 1) — 1 is also divisible by 16. Since
we want to use the fact that 5 — 4n — 1 is divisible by 16, we artificially create this expression as
follows:

5" —dn — 5

= 5.-5"—-5.-4n—-5+5-4n—4n
= 5(5B"—4n—1)+20n —4n

= 5(5" —4n—1) + 16n.

5" —4(n+1) -1
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We see that 5”1 — 4(n + 1) — 1 is a sum of two terms both of which are divisible by 16 (the first
one is divisible by 16 due to the induction assumption) and therefore itself is divisible by 16.

Problem 1.22 Show that the numbers of the form 1m+/2/10" for m € Z and n € N are dense in R.

According to the definition, we have to show that for any given nonempty interval (a, b), we are able
to find a number of the form m+/2 /10™ in the interval. Denoting z = a/ V2andy = b/ V2, it is the
same as finding a number of the form m /10" in the interval (x,y). By the archimedean theorem, we
can find a natural number £ such that

—<y—2x.
YT

Moreover, we can find a natural number n so that 10" > k (for example, n = k will always work).

It means that the number = + 10% is between z and y, and, multiplying this relation by 10", we find
that
10"z < 10"z + 1 < 10™y.

Since the numbers 10™x and 10™x + 1 are 1 apart, there is exactly one integer m € Z such that
10" <m < 10"z + 1 < 10™y.

Dividing this inequality by 10™ we find that the number m/10™ is in the interval (x,y). Hence, the
number 1m1/2/10™ is in the interval (v/2z,v/2y) = (a, b).

For any interval (a, b) we have found a number of the form m+/2/10" in this interval, which means
that numbers of this form are dense in R.

Problem 1.23  Show that the definition of “dense” (Definition 1.14 in the textbook) could be given as
”A set E of real numbers is said to be dense if every interval (a,b) contains infinitely many points of
Ej’

We have to show the equivalence of two definitions. First, let £/ be a dense set of real numbers in
the sense of the textbook definition, and let a < b. We want to show that the interval (a, b) contains
infinitely many points of E. Set

C={x¢€(ab); z € E}.

The set C' is nonempty since E is dense in R. If the set C' is infinite then we are done. Suppose not.
Then we can find a minimal element of C, say c. Since F is dense, the interval (a, ¢) also contains some
point of E. Thus we can take a number d such that

d€ (a,c) and de€E.

But this implies that d € C' and d < ¢, which contradicts the assumption that ¢ is the minimum of C'.
From this contradiction the proof follows.

The other implication is obvious since the statement that there are infinitely many points of F in
(a, ) is stronger than the statement that there is at least one point of E in (a, b).

Problem 1.24 Show that || — |y| < |z — y| holds for any real numbers x, y and find a condition for
the equality to hold.
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By the definition of the absolute value, a < |a| and —b < |b| hold for any a,b € R. We consider four
cases:

(1) > 0andy > 0: Then |z| — |y| = x — y < |x — y| (we put a = = — y above). Equality holds if
andonlyifz —y > 0,1.e.,xz > .

(2) >0andy < 0: Then |z| — |y| =2z +y < 2 —y < |z — y| (Wwe put a = = — y above). Equality
never holds in this case.

(3) x <0andy > 0: Then |z| — |y| = -z —y < —x +y < |z — y| (we put b = x — y above).
Equality holds if and only if y = 0.

(4)  <0Oandy < 0: Then |z| — |y| = —z +y < | — y| (we put b = x — y above). Equality holds
ifandonly if —z +y > 0,ie.,z < v.

We have proved that the inequality |x| — |y| < |z — y| holds for all 2,y € R. The equality holds if and
only if = and y satisfy one of the following

e x.y>0andz >y
e r,y<Oandx <y

e y=0

Report Problem 1.25 Assuming the triangle inequality |a + b| < |a| + |b|, show that another form of
this inequality ||z| — |y|| < |z — y| holds.

There are many ways how to prove this inequality. One of the ways is to consider all the possible
combinations of signs for x and y, such as x > 0 & y > 0, etc., and in each case check that the
inequality holds. This method is simple but a little tedious, so we show another approach.

Using the triangle inequality |a + b| < |a| 4 |b| witha = x — y and b = y, we get
2=z -y +yl<le—yl+lyl = |el-ly<]z—yl
On the other hand, the triangle inequality |a + b| < |a| + |b| with @ = y — z and b = x implies
Yl =1y —a2)+z[ <ly—z|+]z[ =z -yl +]z] = [yl —|z]<|z -yl
(We have used the fact that |« — y| = |y — x| which follows from |a| = | — a| for any a.)

Since ||z| — |y|| is either equal to |z| — |y| or |y| — |x|, we see from the above two inequalities that
in either case ||z| — |y|| < |z — y| holds.
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Calculus A: Problems with Solution
Chapter 2: Sequences

Problem 2.1 Prove that if s,, — oo then (s,,)? — oo also.

We want to show that for any M there is a number N € N so that
(5,) > M forall n > N.

From the fact that s,, — oo we conclude that there is /N7 so that s,, > 1 for n > N7 (we have chosen
M =1 in the definition of divergence to infinity).

Moreover, we can find Ny so that

Sp > M forall n > Ns.

Now set N = max{Ny, No}. Then (since s,, > 1 forn > N and so (s,,)? > s, forn > N),
(Sn)2 >s5,>M forall n > N,

and the proof is finished.

Problem 2.2 Suppose that {s,} is a sequence of positive numbers converging to a positive limit. Show
that there is a positive number c so that s,, > ¢ for all n.

The main idea of the proof is that if a sequence converges to some positive number L then when we
are far enough in the sequence it must be close to L in the sense that the members are larger than L /2.
Since L/2 is a positive number, we are done with the tail of the sequence. The remaining members of
the sequence are only finite in number, so they can be dealt with just by taking their minimum. The
formal details follow.

Let us denote the limit of {s,} by L. We know that L > 0, so we can choose ¢ = L/2 in the
definition of the limit of {s,,} and find a number N so that

|sn — L <% forall n > N.
Then for n > N we have
spn=L+s,—L>L—|s, —L|>L—-%=1=L

Hence s,, > % for n > N and the remaining members of the sequence {s1,...,sy_1} are all greater
than the half of their minimum (which is a positive number), so the required ¢ can be defined by

ol 1 1 L
c=min{581,552,...,55N-1, %5 }-

This c is positive and satisfies s,, > ¢ for all n.



Problem 2.3 Find the following limits and prove your answer from the definition of the limit.

2n+3
D) lim — =

3

2 243 9
M Iim 23— lim + —Z_9

To verify this from deﬁnltlon, we have to show that for any given € > 0 we can find N € N so

that )
n+3—2‘<5 forall n > N.
n+4
Since 2n+4 —2‘ n+4] = n+4,weneedto find NV so that
5
<e forall n > N.
n+4

From this inequality we deduce that n should be greater than —4. Soletus take as N any natural
number greater than 2 2 —4. Thenifn > N, nis automatlcally greater than 2 2 — 4 and we get for
such n that

:6’

2n + 3 5 5
—2| = <
n+4 n+d o (E—4)+4

which is what we wanted to prove.

(To make the calculations simpler, we could estimate %H < % and then since this has to be less

than ¢, we get the condition on IV that N > g This does not contradict our result above since %

is greater than g —4.)

! 1
@ lim ~ " = Jim 22 ":—m

n%ool—{—nQ n—00 1+

To verify this from deﬁmtlon, we have to show that for any given M, we can find a number N € N

such that 5

]__
" <M  forall n> N,
14+ n2

Since it is difficult to solve the inequality 1= Trm 2 < M precisely, we estimate as follows:

1—n?

< —
14+n2 = 14+n+n?

(there are other possible ways of estimating).
Hence, if 1 — N < M, thatis,if N > 1 — M, then for any n > N we have

1—n3
<1-n<1-N<1-(1-M)=M,
1+ n?

which is exactly what we had to show.
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Problem 2.4 Consider the sequence defined recursively by x1 = /2, x, = /2 + Tp_1.
Show that z,, < 2 for all n € N, and that z,, < z,,+1 foralln € N.

Both statements can be shown by induction.
To prove z,, < 2,
e first check that it holds for n = 1, i.e., that 21 < 2. But this is obvious since 1 = /2.

e Next show that if z,, < 2, then the statement holds for n + 1, that is z,41 < 2. It is enough to
note that

Tnpl =V2+x, <V2+2=2,

and we are done.

To prove z,, < Tp+1,

o first check that it holds for n = 1, i.e., that ;1 < x9. This is easy, since x; = V2 < V2 4+ V2 =
Z9.

e Next show that if x,, < x,41, then the statement holds also for n 4 1, that is x, 11 < Zpy2.
Starting from the induction assumption, we deduce

Ty < Tpti

T, +2 < Tp+1 + 2
Tp+2 < 4 Tp+1 + 2
Tntl < Tp42,

and the proof by induction is complete.

The inequality z,, < x,41 can also be proved directly using the fact that x,, < 2. To see this, notice
that x,,41 = /2 + xy, so that

2 — 22 2 — 1
Tnl — Tn = V2 + Tp — Ty T~ T _ (2 2n){d )

_\/2+xn+$n V2 + x4+ xp

Since x,, < 2 and obviously x,, > 0, we see that the last expression is always positive, which means
that x,,41 > xp.

Problem 2.5 Decide whether the following statements are true and give a reason for your answer.
(1) If {s,} and {t,,} are both divergent then so is {s,t,}.

(2) If {sn} and {t,,} are both convergent then so is { sy }.

(1) This statement is false. To prove it, it is sufficient to give an counterexample. Set for example
$p = (=1)" and t,, = s,,. Then s,t,, = 1 for all n so this sequence is convergent but both {s,,}
and {t,,} are divergent.

(2) This statement is true. To prove it, we have to give a proof according to the definition. See the
proof of Theorem 2.16 in the textbook. (Or, since we have already proved Theorem 2.16 in the
lecture, it is enough to say that the statement follows from Theorem 2.16.)
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Problem 2.6 Suppose that {s,,} and {¢,,} are sequences of positive numbers and that

.S
lim 2 =acR and Sp —> 00.
n—oo n

What can you conclude for the sequence {t, }?

Since s, — oo and after dividing by t,, the sequence converges to a finite number, we may expect
that ¢,, — oo, too. Let us prove it by contradiction.

We assume that ¢,, does not diverge to co, which means that we can find a number M; so that
forany N thereis N; > N sothat ¢y, < M.

(Check that this is really the negation of the definition of ”’t,, — 00”.)
Furthermore, by the assumptions of the problem, we know that there are numbers No, N3 so that

j—”<a+1 forall n > No, (1)
n

Sp > Mi(a+1) forall n > Nj.

(In the first statement we have chosen € = 1 in the definition and in the second one, M = Mj(a + 1).)

Let us set N = max{Na, N3}. Then both the above statements are true for n > N, while from the
assumption that ¢,, does not diverge to oo we find a number N1 > N so that ¢y, < Mj, which implies

SN Mi(a+1)

=a+1.
tn, My

But this is a contradiction with the convergence of {s,,/t,} (inequality (1))!

Problem 2.7 Consider the sequence s; = 1, s, = 522 . We argue that if s,, — L then L = % and so

n—1

L = /2. Our conclusion is that lim,,_,o0 S, = v/2. Do you have any criticism of this argument?

Writing several initial terms of the sequence:

1
17277

1
—,2048, ...
2787327087 )

we see that this sequence does not converge, so the conclusion above must be wrong.

The reason is that the relation L = % holds only under the condition that the sequence is convergent.
This condition is not fulfilled in this case and hence it does not make sense to say that the limit satisfies
some relation.

Problem 2.8 Establish which of the following statements are true for an arbitrary sequence {sy }.

(1) If all monotone subsequences of a sequence {s,, } are convergent, then {s,,} is bounded.
(2) If all monotone subsequences of a sequence {s,, } are convergent, then {s,,} is convergent.

(3) If all convergent subsequences of a sequence {s,, } converge to 0, then {s,,} converges to 0.
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(4) If all convergent subsequences of a sequence {s,, } converge to 0 and {s,,} is bounded, then {s,, }
converges to 0.

(1) This is true, which can be proved by contradiction.

Assume that {s, } is not bounded above (the case for {s,,} unbouded below is similar). Then we
can find N; such that sy, > 1.

Next, we can find No > Nj such that sy, > 2 (if there is not such /Ny it would mean that all
terms sy, are less than max{si, ..., sy, 2}, which is in contradiction with {s,, } being unbounded
above).

Similarly, we can find N3 > N such that sy, > 3, and so on. This gives a subsequence {sy, }
of {s,} whose Nj-th term is at least k. This means that this subsequence diverges to oo, which is
a contradiction with the assumption that all monotone subsequences converge.

(2) This is false as the sequence 1, —1,1,—1,1, —1,... shows.
(3) This is also false as the sequence 0,1,0,2,0,3,0,4,0,5,0,6, ... shows.

(4) This is true (notice that the counterexample in (3) is excluded by the new assumption that {s,,}
is bounded). We can prove it again by contradiction. Assume that {s,,} does not converge to 0,
which means that there exists £ > 0 so that

forall N thereis n > N suchthat |[s,|>e.

We construct a subsequence that does not converge to 0.
To do so first find some N; > 1 such that |sy, | > €.

Next find Ny > Nj such that |sy,| > e. Such Nj exists by the above assumption that {s,}
does not converge to 0. In this way we construct a subsequence {sy, } such that all its members
are greater than or equal to ¢ in absolute value. This subsequence is bounded because {s,, } itself
is bounded, so it must contain a monotonic convergent subsequence by the Bolzano-Weierstrass
theorem. However, this monotonic subsequence cannot converge to 0 because all its terms are out
of the interval (—¢, €). A contradiction!

Problem 2.9 Show that every bounded monotonic sequence is Cauchy.

We know that a sequence {s,, } is bounded:
thereis M such that |s,| < M forall n,

and monotonic:

(we consider the case of nondecreasing sequence; the case of increasing sequences is a subset of this
case, and for nonincreasing and decreasing sequences the proof is analogous),

and we want to show that {s,,} is a Cauchy sequence:
forany ¢ > 0 thereis N suchthat |s, — s,,| <e forall n,m > N.

Since the sequence is nondecreasing, for n > m we can write this as s, — s,, < € o0r s, < Sp, + €.
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We will try to use the proof by contradiction. We assume that the sequence is not Cauchy, which
means that we can find € > 0 such that

for any N there are m,n > N with n > m suchthat s, — s, > ¢.

The idea is that if we add this € to s; sufficiently many times, we will surpass the upper bound M of the
sequence.

Precisely, set K to be the natural number which is closest to but greater than @ We find m1,n
so that s,,, — s1 > Sy, — Sm; > €, so that s,;, > s1 + €. Next, we find mg,n2 > n; so that
Sy — Sny = Sny — Smy > €, SO that sy, > s, +¢ > 51+ 2. We proceed in this way K times to obtain
Sny satisfying s,,,. > s1 + Ke. But from the definition of K, we get

M—81

Sng > 81+ Ke > s1+ e=M.

We got a contradicition with the boundedness of {s,,} and the proof is complete.
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Calculus A: Problems with Solution
Chapter 3: Infinite Sums

Problem 8.1 If the series ) .- ; aj converges, what can you say about the series

Z(sz +agk-1) ?

e
k=1

This series converges and has the same sum as > ;- | ay.

To see this, first write out the new series:

o0
Z(a% + agk—1) = (a1 +az) + (a3 + aq) + (a5 + ag) + -+ - + (a2x—1 + a2k) + -+
k=1

Hence we see that the sequence of partial sums of this series is equal to

2K
sk = ag, K =123,
k=1

which is a subsequence of the partial sums of the original series

K

SK = g ag.

k=1

Since the meaning of “series Y .- ; aj converges and its sum is S is that the sequence of partial sums
{sk} converges and its limit is S, we conclude that any subsequence of {sx}, so also {sax }, must
converge to S, which means that the series ) .- | (ag), + agk—1) converges and its sum is S.

The key to a correct answer here is to consider first only the partial sums, which are finite and
therefore, we can change order of summation. This will be even more pronounced in problem 8.4.

o oo
Problem 8.2 If the series Z(agk + agi—1) converges, what can you say about the series Z ar ?
k=1 k=1
We cannot say anything as the sequence a;, = (—1)*, i.e., the sequence —1,1, —1,1, —1,... shows.

Here asi, + agx—1 = 0 for any £ which implies that Zzozl(a% + agi—1) converges (it is a sum of
zeros). However, the partial sums sx = fo:l agare —1,0,—1,0,—1,0, ..., which is not a convergent
sequence, so the series ) - ; aj does not converge.



oo
k+1
Problem 8.3 Does the series Z In (;‘;) converge?
k=1

Using the properties of logarithm, we can write the partial sums of this series as

K K

sk =Y In <k7€‘1> => (In(k+1)—Ink)
k=1

k=1

and thus it is a telescoping series with partial sums s = In(K + 1). When K — oo, sx diverges to
infinity, hence the given series is divergent.

Problem 8.4 Show that a series ) ;- ; ay, is absolutely convergent if and only if at least two of the series

dar, D faplt,  and D [a]” (1)
k=1 k=1 k=1

converge.

Here, [a;|T means the positive part of ag, that is, [ax]"™ = max{0,a;} (we are summing only the
positive terms in the series). Similarly, [a;]~ = — min{0, aj } is the negative part.

Since it is an equivalence statement (if and only if”’) we have to prove two implications.

e First, let us prove that if the series ) -, aj, is absolutely convergent (that is the number S =
> rey |ak]| is finite), then the three series (1) converge.

For the first series ) -, aj, this is exactly Theorem 3.14 in the textbook. Moreover,

M=

K 00
lar]t < ak] < Jar| = S < o0,
k=1 k=1

i

1

so the sequence of partial sums for the second series in (1) is nondecreasing (because all [ag]™
are nonnegative) and bounded above by S, which means that it must converge (by the monotone
convergence theorem). For the third series in (1) the argument is completely analogous.

e Next, let us prove that if two of the series (1) converge then ) - ; aj, is absolutely convergent.

Consider, for example, the case when the first two series converge. We denote their sums as

follows: . .
Zak 251, Z[ak]+ ZSQ.
k=1 k=1
We notice that
Sl =3 (ol = laed ™) = 3 (I = (ax = [an]¥)) =23 faa)* = ar
k=1 k=1 k=1 k=1 k=1

The sequence of partial sums for the series y .- |ax| is nondecreasing because all terms |ay| are non-
negative, and moreover it is bounded - to show this we use the above identity in the following way:

K K K K K
D larl =23 [a]" =3 arn <2} [a"+ > a
k=1 k=1 k=1 k=1

k=1

<285 + |51 < 0.
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An application of the monotone convergence theorem yields the convergence of )~ ; |ak|.

Other combinations of converging sums in (1) are proved using a similar idea (do it in detail).

Problem 8.5 For which values of x does the following series converge?

o0 xn
;:2 logn

We will consider several cases for « and check the convergence in each case by different methods
(just to show how to use them). If there is no logn in each term, the boundary value for convergence
would be x = £1. Since log n does not have much strength comparing to the exponential growth of x™,
we try to divide the interval for = in the same way.

1.z>1
We use for example the root test (3.30 in the textbook):

lim = lim > lim
n—+00 ]og n n—oo log n n—oo ¥n

=x>1,

so the series diverges. Here we used the fact that logn < n for n > 2 and that lim,,_,o, {/n = 1.

2. x=1

In this case we have the series

>
= logn
We can use the comparison test II (3.20 in the textbook) with harmonic series:
o0

1 1 1
- < and — diverges,
n  logn Z n g

n=2

so the above series also diverges.

Note that the root test would not give us any information here because the limit would be 1.

3. z€10,1)
Let us use the ratio test (3.28 in the textbook):
) 2" logn ) logn
im = limarx——m—
n—oo log(n + 1) zn n—oo  log(n + 1)
] log(n +1) +log .15
= lim z
n—oo log(n + 1)
log
= limz(1+ iR
n—o0 log(n +1)
= x<1,

so the series converges.

4. z € (-1,0)
In this case, the series of absolute values Y , |z"/log n| is the same as in the previous case, so
the series converges absolutely.
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5. 2=-1

Here the series becomes

— (—1)"
Z logn ’
n=2 g

so we can use the alternating series test (3.43 in the textbook) to say that the series converges.
o 1

However, it does not converge absolutely since the series ) |~ ,, ogn diverges.
6. < -1
We can use the trivial test: N
) x
lim
n—oc logn

. . 2n . . .
does not §x1st (because the terms change signs and the subsequence bng) diverges to infinity),
so the series cannot converge.

In summary, the series converges absolutely for z € (—1, 1), converges nonabsolutely for x = —1
and diverges otherwise.

Problem 8.6 Determine the values of s, for which the series

[e.e]

1
Z n(logn)s

n=2

converges.

If we try to use the root test or ratio test, we end up with the indecisive limit 1, so these tests cannot
be used.

For s < 0, we can use the comparison with harmonic series:

1 1
d Z di
an 7; n 1verges,

so our series diverges for s < 0.

For general s, the integral test (3.35 in the textbook) works: if s # 1 then

X 1 log X 1 1 1 7lesX
lim ————dx = lim —dy = lim |—
X—oo Jo x(logx)® X—00 Jlog2  Y° X—oo | s—1gys1 log 2

i 1 [ 17¥ 1 1 .
= lim — — = — lim ——
Xooo s—1yt] o s—1\(log2)s! X—oo X1

We have used the change of variables y = log x. We see that the limit of the integral is finite if and only
if s > 1.

In the special case when s = 1, we have

X 1 log X

lim dr = lim —dy =

. logX
lim
X—00 Jo a:loga: X—o0 log 2 Yy X—o00

[log yliog = Jim log(log X) —log(log2)

In this case, the limit becomes infinite, so the series does not converge.
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In summary, our series converges if and only if s > 1.

(See also http://math.feld.cvut.cz/mt/txte/2/txe3ec2.htm for more examples of testing convergence of
series.)

Additional Problems

Problem [2], p.489
Decide whether each of the following series is convergent or divergent:

o sinnf 1 1 1 12 1 2 1 2 1
1 —— R (2) 1—c+-—=+--- 3) 1—-—4+-—+-—=+-——
();HQ’ €ER (D l-g+-—c+ ) l-g+o—o+ -+ —c+
> logn = 1 > 1 = n = logn
4 1" 5 —_— 6 —_— 7 — 8
()7121( )= ()71223?2_1 ();SWH ()?ﬂl ();n
1 > 1 =~ 1 = 1
— 10 — k 11 —_— 12 -n"
©) nz:;logn (19) nz:;(logn)k’ €N b ;(logn)” (12) g( )(logn)”
(13) ii (14) f:sml (15) i ! (16) i;
—nd+1 — n “— nlogn “— n(logn)?
> 1 = n! =, 27p! =, 3"n!
17 — 18 — 19 20 .
O ey Y Zan 0 L 00 2
Problem [1], p.413
Test the following series for convergence and absolute convergence:
- n = n! > > 1
1 —1)" 2 — 3 - 4 e
R NI I o
& VT © 20T oy @ 2 1€k
n=1 n=3 n=1
e > 1 > cos(nb)
n—1 _:
(8) ;w,reﬂ% ) ;(—1) sin—, pEeR (10) ; N
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Calculus A: Problems with Solution

Chapter 4: Sets of real numbers

Problem 4.1 Determine the set of interior points, accumulation points, isolated points, and boundary
points for the set
E=(0,1H)u((1,2)u(2,3)U---U(n,n+1)U---.

(1) The set of interior points are all positive numbers except natural numbers. Natural numbers do
not belong to F, so they cannot be interior points. All other positive real numbers belong to some
of the intervals (n,n + 1) and since every point of an open interval is its interior point, they also
have to be an interior point of E.

(2) The set of accumulation points is {x € R : x > 0} (all nonnegative numbers). Any point of an
open interval is its accumulation point, so we have to check only the natural numbers and zero.
Forany n € NU {0} and 0 < ¢ < 1 the interval (n — ¢, n + ¢) contains infinitely many points of
FE (actually, except for n = 0, all points of this interval except n belong to £, so natural numbers
are also accumulation points.

(3) There are no isolated points. Any point in an open interval is not isolated, so only the points
corresponding to natural numbers could be isolated. But as we said in (2), for any n € N and
¢ > 0 the interval (n — ¢, n + ¢) contains infinitely many points of £, so natural numbers are not
isolated points of E.

(4) The set of boundary points is the set of natural numbers plus 0. Indeed, as said above, for any
n € Nand ¢ > 0 the interval (n — ¢, n 4 ¢) contains infinitely many points of F, but at the same
time the point n does not belong to the interval. So each such interval contains both points from
FE and points which are not in E. Moreover, any point from an open interval is not its boundary
point.

Problem 4.2 Determine the set of interior points, accumulation points, isolated points, and boundary
points for the sets £ = (2,3), E=1[2,3], E=N, E=R, E=Q.

() E= (27 3)

e Interior points: every point of I is interior. This is because if € E then the distance of
to the closer endpoint of the interval is d = min{xz — 2,3 — =} and this distance is positive,
so the interval (z — g, T+ g) is nonempty and included in E. We do not have to check points
not belonging to E since interior points must be points of E.

e Isolated points: there are no isolated points. Defining d as above, we see that (x— %, x+%) C

E, so forany ¢ < % the intersection of (x — ¢, z+c¢) with E will always be the whole interval
(x — ¢,z + ¢) and never only the point . We do not have to check points not belonging to
FE since isolated points must be points of E.

e Accumulation points: all points in £ and also the endpoints 2 and 3 are accumulation points.
For points in F it is clear since we have already shown that around any point in E' there is a




nonempty interval contained in £ (and any interval contains infinitely many real numbers).
For the endpoint 2, we have to show that for any ¢ > 0, the interval (2 — ¢, 2 + ¢) contains
infinitely many points from F. But that is obvious since, for example, the nonempty interval
(24 £,2+ 2°) is contained both in (2 — ¢, 2 + ¢) and in E. The argument for the endpoint
3 is analogous. Finally, we have to show that no other point can be an accumulation point
of E. For example, if z > 3 then § = = — 3 is positive so the interval (z — %, T+ g) is
nonempty and completely outside of E. Hence x cannot be an accumulation point. Similarly
forz < 2.

Boundary points: the only boundary points are 2 and 3. If we take the interval (2 — ¢, 2+ ¢)
then the point 2 — 5 is in this interval but not in £, and the point 2 + 5 is both in this interval
and in E. Similarly for x = 3. Next we have to show that no other point can be a boundary
point of E. The proof is similar to those above: for any other point we can find an interval
around it, which is either completely included in E or is completely outside of E.

@ E =23
e Interior points: every point of (2, 3) is interior but the points 2 and 3 are not interior points
(because any interval around them contains a point that does not belong to E - see boundary
points for £ = (2, 3) above). From here on we skip proofs that are similar to those presented
above.
e Isolated points: there are no isolated points.
e Accumulation points: all points in E (including the endpoints 2 and 3) are accumulation
points.
e Boundary points: the only boundary points are 2 and 3.
3) E=N
e Interior points: there are no interior points since the interval (n — ¢,n + ¢),n € N always
contains some number which is not a natural number.
e Isolated points: every point in N is isolated because every interval (n — %, n + %) contains
only one natural number n.
e Accumulation points: there are no accumulation points (the reason is the same as for isolated
points).
e Boundary points: every point is a boundary point since the interval (n — ¢, n + ¢) contains a
natural number (that is, the number n) and also a number that is not natural.
4 E=R
e Interior points: Every point is an interior point since any interval (z — ¢,z + ¢) is included
in R.
e Isolated points: No point of R is isolated since any interval (x — ¢, z + ¢) is included in R.
e Accumulation points: Every point of R is a point of accumulation (the reason is the same).
e Boundary points: No point of R is a boundary point (again, the reason is the same).
S E=Q

Interior points: No point z of Q is an interior point. This is because any interval (z —c, z+c)
contains irrational numbers and hence cannot be a subset of Q.

Isolated points: No point of Q is isolated because of the density of Q in R (any interval
(x — ¢,z + ¢) contains a rational number different from z).
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e Accumulation points: All points in R (both rational and irrational!) are accumulation points
of Q. This is because any nonempty interval contains an infinite number of both rational and
irrational points.

e Boundary points: All points in R (both rational and irrational!) are boundary points of Q.
This is because any nonempty interval contains both rational and irrational points.

Problem 4.3 Show that every interior point of a set must also be an accumulation point of that set, but
not conversely.

By definition, if x is an interior point of E, then there exists ¢ > 0 so that the interval (x — ¢, x +¢) is
contained in E. Take any d > 0 and set m = min{c,d} > 0. Then the interval (z — d, z + d) contains
the interval (z — m, x + m) and this interval (z — m, z + m) belongs to E and contains infinitely many
points. This shows that (z — d, x + d) contains infinitely many points of E for any d > 0 and thus, by
definition, = is an accumulation point.

The converse ”Any accumulation point is an interior point” is not true since, for example, a is an

accumulation point of the open interval £ = (a,b) but it does not even belong to this interval, so it
cannot be its interior point.

Problem 4.4 Show that a set E is closed if and only if £ = E.

Let us denote by E’ the set of accumulation points of E. Then by definition E = E U E'.

e Let the set F be closed. Then every accumulation point belongs to E, so that E/ C F, which
implies E = FUE' = E.

e Let £ = E. This means that E U E’ = E so that E/ C E must hold. This says that the set of
accumulation points E’ is a subset of F, that is, every accumulation point of F belongs to E. The
set I is closed.

Problem 4.5 Show that the closure operation has the property £4 U Ey = E1 U Fs.

We will first show that (Ey U E»)’ = E7 U EY. The result then immediately follows since

Ei1UFEy = (EfUEy)U(BL1UEy)) = EiUE,UE{UE, = (E1UE])U(FEyUFEY) = E; U Ej.

We show the above equality by showing the following two inclusions:
° (E1 UEQ)/ C Ei U Eé
Let x be any point in (£, U E5)’. Then for any ¢ > 0 there are infinitely many points from E1 U E»
in the interval (x — ¢,z 4 ¢). There are three possibilities:
— For any ¢ > 0 there are infinitely many points from F in the interval (z — ¢,z + ¢). Then
z € El.

— For any ¢ > 0 there are infinitely many points from F in the interval (z — ¢,z + ¢). Then
z € Eb,.

— For any ¢ > 0 there are infinitely many points from both E; and Es in the interval (z —
¢,z +c). Thenz € E} N EY,.
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It is shown by contradiction that no other case is possible. Indeed, the remaining case is that there
is a number ¢ > 0 so that the interval (z — ¢,z + ¢) contains only finitely many points of F; and
only finitely many points of F5. However, this is a contradiction with the fact that (z — ¢, x + ¢)
contains infinitely many points of E7 U Es.

In either case, we have shown that z € E{ U Ej, which implies the desired statement.

° (E1 UEQ)/ D Ei U Eé
Let z be any point in Ef U E}. Let ¢ > 0. Then the interval (x — ¢,z + ¢) contains infinitely
many points from E; (if x € EY) or infinitely many points from E (if x € F)). In either case

this interval contains infinitely many points from F; U Es, which shows that x € (E; U E3)" and
the second inclusion is proved.

Problem 4.6 Show that the intersection of an arbitrary collection of closed sets is closed.

Let us denote the collection of sets by { E, }oc 4, Wwhere A is some index set, and their intersection
by E.

Let x be an accumulation point of the intersection F. To show that F is closed, it is sufficient to
show that = belongs to the intersection E. Since z is an accumulation point of E, for any ¢ > 0 there
are infinitely many points in the set

(x—c,x+c)NE.

These points have to be also members of each set E, since they belong to the intersection of all these
sets. Hence the intersection (z — ¢,z + ¢) N E,, contains infinitely many points for every a € A and
¢ > 0, which means that x is an accumulation point of every set F,, « € A. But since these sets F,, are
closed, x must belong to each of these sets, and consequently to the intersection E of all these sets. The
proof is complete.

Problem 4.7* Show directly that the interval [0, co) does not have the Bolzano-Weierstrass property.

The Bolzano-Weierstrass property for a set I is: "Every sequence of points chosen from the set has a
subsequence that converges to a point that belongs to E.” We take the sequence 1,2, 3,4, ... of natural
numbers. This sequence is contained in [0, o0). However, every subsequence of this sequence diverges
to infinity, hence this set does not satisfy the Bolzano-Weierstrass propety.

Problem 4.8* Show directly that the union of two sets with the Bolzano-Weierstrass property must
have the Bolzano-Weierstrass property.

Let the sets A and B have the Bolzano-Weierstrass property. We want to show that A U B also has
the same property. To this end, choose any sequence from A U B. The task is to find a subsequence
which converges to a pointin A U B.

By contradiction we can easily show that the sequence has to contain infinitely many points from at
least one of the sets A or B (if not, it contains only finitely many points from A and finitely many points
from B, so it must be finite and thus it is not a sequence). Without loss of generality, assume that the
sequence contains infinitely many points of A. Since A has the Bolzano-Weierstrass property, we can
find a subsequence converging to a point x that belongs to A. But then the subsequence is contained in
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A U B and the limit point z also belongs to A U B. Hence we have found a subsequence converging to
apointin AU B.
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Calculus A: Problems with Solution

Chapter 5: Continuous functions

Problem 5.1 Using both the € — § definition and the sequential definition of the limit, give two different
proofs of the following statement:

If lim f(z)=1L then l'i)m |f(x)| =|L|.
T—T0

T—T0

1. € — ¢ definition:

We know that lim,_,,, f(x) = L by the ¢ — ¢ version of the definition of limit means that
forevery >0 thereis ¢ >0 sothat |f(x)—L|<e whenever 0 < |z — x| <.
Then, by triangle inequality we deduce

[If(z)| = |L|| < |f(z) — L] <e whenever 0 < |z — x| <39,
which shows that limy_,, |f(x)| = |L|.

2. Sequential definition:

We know that lim,_,,, f(z) = L by the sequential version of the definition of limit means that
for every sequence {e, } with e,, # ¢, and e,, — x¢ as n — oo,

5p, flen) = L.
The statement then follows by Theorem 2.22 which says that if lim, ,. s, = L then

limy, 00 [$n| = |L].

If we want a direct proof (without using Theorem 2.22), we can apply triangle inequality to get
—[fen) = LI < [f(en)| = [L] < [f(en) = LI.

But since lim,, ,~, €, = L, for given ¢ > 0, we can find N such that

|f(en) —L| <e whenever n > N,

SO
—e < —|f(en) — L| < |f(en)| — |L| < |f(en) — L] < e whenever n > N.

, which is what we wanted to prove.

This means that lim. . | f(en)| = |L

Problem 5.2 Formulate a definition for the statements

lim f(z) =L, and lim f(z) = oo,
T—00 T—00

and find the limits

lim z?
r—r0o0

for various real numbers p.

First, we give the definitions:



(1) We write
lim f(z) =1L

T—00

if for every € > 0 there is a K € R so that

|f(z) — L| <& whenever z > K.

(2) We write

s, @) =0

if for every M € R there is a K € R so that

f(x) > M whenever x> K.

Next, we calculate lim 2P for various real numbers p. We consider three cases:
Tr—r00

(1) p < 0: We guess that the limit is 0. To show it, for any given € > 0, we choose K = /P Then,
since p < 0, we get

|aP — 0] = |2P| = aP < KP =& whenever z > K.

(Note that we can assume that x is positive since we are interested only in large values of x.)
We conclude
lim 2 =0 for p<O.

T—00

(2) p=0: 2P = 2% = 1 for every x > 0, so we can immediately write

lim z° = 1.
Xr—r 00

(3) p > 0: In this case, the limit will be +occ. Indeed, for every M > 0, we choose K = M/P.
Then, since p > 0, we get

2P > KP = M whenever z > K.

Therefore, we conclude

lim 2 =00 for p > 0.
T—r00

Problem 5.3 Prove the following theorem using an € — § proof and also using the sequential definition
of limit.

Theorem 5.15  Suppose that the limit lim,_,,, f(z) exists and that C' is a real number. Then
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1. € — ¢ definition:

Let L = limy_,5, f(x). We need to prove that for every £ > 0 there is § > 0, such that
|Cf(x) —CL| <e whenever 0< |z —xg| <.

Hence take an arbitrary € > 0. If C' = 0, there is nothing to prove, so we may assume C # 0. By
the properties of absolute value

|Cf(z) = CL| = |C||f(z) — L],

so if we choose 0 > 0 so that |f(x) — L| < ¢/|C| whenever 0 < |z — x| < ¢ (which we always
can because lim,_,,, f(z) = L), we have

|ICf(z) = CL| = |C||f(z) — L| < [C|(/]C]) = e.
This is precisely the statement that lim,_,,, C'f(x) = CL.

2. Sequential definition:

We need to prove that for every sequence {e,, } with e,, # x, and e,, — ¢ as n — o0,

lim Cf(e,) = CL.

n—o0

Here, by the sequential definition of limit, lim,_,,, f(z) = L means that

lim f(e,) =L forany sequence {e,} as above.
n—oo

Therefore, using Theorem 2.14, we deduce that

lim Cf(e,) =C(lim f(e,)) =CL,

n—o0 n—oo

which is the relation that we wanted to prove.

Problem 5.4 Prove that if the limit lim,_,, f(x) exists and is positive, then there is a nonempty interval
(zo — ¢, zp + ¢) and a positive number m such that

fle)>m>0

for every x € (xg — ¢, x0 + ¢), x # x0, belonging to the domain of f.

Let limy_,,, f(z) = L > 0 and denote the domain of f by dom(f). We present two types of proof:
using the -6 argument and the sequential approach.

1. € — § argument:
Selecting € = % > 0, there is a 6 > 0 such that
L
|f(z) —L| < 3 whenever 0 < |z — xo| < J, x € dom(f)
so we have

f(x) >

>0 forevery x € (xrg—0d,20+9), x # x9, x € dom(f).

Nlie

Setting m = % and ¢ = 0 completes the proof.
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2. Sequential argument:

The proof is done by contradiction.
We know that lim,_,,, f(x) = L, by using sequential definition, means that for every sequence
{en} with e, # x¢, and e,, — xp as n — oo,

lim f(e,) = L. (1)

n—oo
If the theorem is not true, then for any m > 0 and ¢ > 0 there will be points x in the domain of f
with
x€(xg—c,xo+c), x#x9 and f(xr)<m.

Applying this statementtoc = m = 1, %, %, - -+, we obtain a sequence of points x = e,, such that
1 1

0<l|en—zo| <— and f(e,) < —. 2)
n n

Since e,, # xg, €, — T¢, due to (1) there is a number NN such that
L
|f(en) — L] < 5 forall n > N,

so we have by (2),

L 1
§<f(en)<— forall n > N.
n

However, if we choose n > %, this inequality fails. From this contradiction the theorem follows.

Problem 5.5 Show that the following definitions of continuity for a function f defined in a neighbor-
hood of z( are equivalent.

(1) Function f is continuous at x provided 1i_>m f(z) = f(x0).
T—x0

(2) Function f is continuous at xg if for each £ > 0 there exists J such that |f(z) — f(zo)| < ¢
whenever |z — zg| < J.

(3) Function f is continuous at xq if 1i_>m f(en) = f(xo) for every sequence {e,} — xo.
n e.)

The equivalence will be shown if we prove the following four implications:
1. (1)=(2)
By the £ — § definition of limit, for each £ > 0 there exists J so that

|f(z) — f(zo)] <& whenever |z —xzo| <d and = # xo.
Hence we only need to check the case x = z, but this is easy because
[f(z) = f(@o)| = | f(w0) — f(wo)| =0 <e.
2. (2)=1(1)
From (2) we immediately get that for each ¢ > 0 there exists d so that
|f(z) — f(zo)] <& whenever 0 < |z — z¢| <.

This is the € — § definition of lim,_,, f(x) = f(xo).
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3. (2) = (3)

The proof follows the arguments on p.270 in the textbook. By (2), for any € > 0 there exists a
positive number § such that

|f(z) — f(zo)| <& if |z — x| <.
Now, consider any sequence {e,,} — x¢. This means that there is a number N such that
len, — xo| <6 forall n > N,
where 0 is the number obtained above. Putting these together we find that
flew) = flao)l <& if n= N,
which is the definition (3).

4. not (2) = not (3)

Assume that (2) does not hold. We want to show that then (3) also does not hold. That is, we have
to find a sequence {e, } converging to x such that f(e,,) does not converge to f(z).

If (2) is not true, then there must be some g > 0 so that for any ¢ > 0 there will be points = in
the domain of f with

|z —xol <6 and  [f(x) = f(z0)| = <o

Applying this to § = 1, %, %, ... (e,d= %), we obtain a sequence of points e,, such that
1
len —zof <~ and  |f(en) — f(z0)] = €0

Then {e, } is the desired sequence since e,, converges to x but f(e,,) does not converge to f(xg).

Problem 5.6 Prove that the function f(x) = |z| is continuous at every point of R using the § — ¢
definition of continuity.

Let 2 be any point of R and € any positive number. Since any such xg is an interior point of R, our
task is to show that there is J (it can depend on x) such that

Hx| - |x0]| <e whenever |z — x| < 4.
Since by the triangle inequality
“x‘ - \ﬂfoH < |z — x|,
we see that it is enough to take 6 = ¢.
To summarize, given any o € R and ¢ > 0, we set 6 = . Then for any x satisfying |z — x¢| < 9, it

holds
@] = |zo]| < |z — 0| < e

This by definition says that |z| is continuous at z( and since x( was arbitrary,

x| is continuous on R.

Problem 5.7 Decide whether the following functions are uniformly continuous on the given interval.

() fi(z)=2x+3 onl; =R.
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() fo(z) =2* on Iy = [-10,6].
3) fi3(z) =z only=(0,1).
@) fa(x) =2* only = (0,00).

(D) fl(:L’) =2xr+3 onlj =R

The function is uniformly continuous on R, which follows by the definition. To confirm that, take
any € and set 0 = 5. Then for any pair of numbers z, y satisfying |2 — | < ¢ we obtain

[fi(2) = fiy)l = 12z +3) = 2y +3)[ = 2[z —y[ <20 = ¢,
which is the definition of uniform continuity.

Q) fo(z) =2* on Iy =[-10,6]

f2 is uniformly continuous on [, which immediately follows from Theorem 5.48 (this theorem
says that any continuous function on a closed and bounded interval is uniformly continuous on
the interval).

(3) fs(x) =z onl3=(0,1)
We can show the uniform continuity of f3 on I3 in several ways. For example, since f3 is con-
tinuous on the closed and bounded interval [0, 1], it is uniformly continuous on [0, 1] by Theorem

5.48. Hence it is also uniformly continuous on any subset of [0, 1], in particular, on the interval
(0,1).

Another proof is the direct one. Take any € > 0 and any two numbers z, y in the interval (0, 1).
Then we need to find § > 0 such that we can estimate

f3(x) = fs(y)| = Ve —

by € when |z — y| < J. We show that setting § = % will work.

oIf:E<i

. 2
15 then taking § < % we have

Ve+y=ve+y/(y—z)+ta
Vi+ly—z|+ Ve <2vz+V5

& g
2- 4 S =
1Tg=¢

NEEE]

ININ

IN

2 .
o Ifx > %6 then we can estimate

- —yl _4 45
2 -yl _lz—yl _ oyl <>,

NG

so if we take § < %then Vr =yl <e.

VT = Vil =

(4) fa(x) =2 only=(0,00)

This function is not uniformly continuous on 4. We prove it by showing that the difference
|f1(x) — fa(y)| = |z — y3| can be made arbitrarily large however small the difference |z — y|
may be. ”Can be made arbitrarily large” precisely means that for any given M (assumed large)
and & (assumed small) we can find =,y € (0, 00) such that |z — y| < § but |23 — y3| > M.
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As
2% — | = |z —yl(® + 2y +y*)  Va,y € (0,00),

it is sufficient to take z = /2 and y = x + $. Then of course |z — y| = 2 < § and

) ) 6 2M
2% =P = o —y|(2® + 2y +¢°) = S (@ +ay+y7) > Sa¥ = 0 T = M.
2 2 2 9
Problem 5.8 Suppose f is uniformly continuous on each of the compact sets X1, Xo, ..., X,,. Prove

that f is uniformly continuous on the set

Show that this need not be the case if the sets X} are not closed and need not be the case if the sets X},
are not bounded.

We know that ” f is uniformly continuous on X;” means that for any € > 0 there exists J; > 0 such
that
|f(z) — f(y)| <e whenever z,y € X; and |z —y| < d;.

To begin with, we consider n = 2, thatis X = X; U Xo.
We first prove that f is continuous on X. For any x € X, x is either in X or in X5, so we can assume
without loss of generality that x € X;.

Let d(x, X2) = inf{|x — y| : y € X2} be the “distance” of x from the set Xo. We consider two
cases:

(1) Ifd(x, X2) > 0, we have
yeX and |z —y| <d(z,X2) = yeXi.
Therefore, we get that
|f(z) — f(y)| <e whenever y € X and |z —y| < min{dy, d(z, X2)}.

Thus f is continuous at z in this case.

(2) If d(x, X3) = 0, we have x € X3 because X5 is compact set (provide the details!). Hence
x € X7 N X9 and we conclude that

|f(x) — f(y)| <e whenever y € X and |z —y| < min{dy,d2}.
Thus f is also continuous at x in this case.

Next we need to prove that f is uniformly continuous on X, but this follows from Theorem 5.48 since
f is continuous on X and X is compact.

We have proved that f is uniformly continuous on X if n = 2. For general n, we use induction. Sup-
pose that f is uniformly continuous on Ulle X;. As Ule X is compact, if we use the above argument
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to (U, X;) U Xj41, then we find that f is uniformly continuous on |
proof.

fill X;, which completes the

Finally, we give counterexamples.

ey

2

not closed case : Let

fla) = {O for x <1

1 for x >1

and X7 = (0,1), X2 = [1,2). Then we have

0 for z € X3
flx) =
1 for x € Xs,

so f is uniformly continuous on both X and X5. However f is not continuous on X7 U Xo =
(0,2).

not bounded case : Let f(z) = 22 and
X1=4{1,2,3,...,n,n+1,...}
1 1 1 1
Xo={2+ = = e — 1+ ——-,. .. }.
2 {+2,3+3, ot L }

Since all points in both of the above sets are isolated, f is uniformly continuous on both sets.
Indeed, we can see that by taking § = 1/2. Then

rz,ye Xy and [z —y|<1/2 = x=y,

and
r,y€ Xg and |z —y|<1/2 = x=y,

by definition of X7, X5. So for any € > 0, we have
|f(z) — f(y)|=0<e whenever z,y € X; and |z —y| <,

for i = 1, 2, which shows that f is uniformly continuous on both X; and X5.

Now, define x,,, y, € X3 U X2 as z,, = n and y, = n + 1/n. Then |y, — x,| = 1/n — 0 as
n — 0o, but

Fwa) = Sl = (24 5) =¥ =2+ 55 > 2.

Hence, f is not uniformly continuous on X; U X5.

Problem 5.9* Show the following theorem (Theorem 5.50 in the textbook) using a Bolzano-Weierstrass
argument.

Let f be continuous on [a, b]. Then f possesses both an absolute maximum and an absolute minimum
on [a,b].

Let M = sup{f(x) : a < z < b}. By Theorem 5.48, f is uniformly continuous on [a, b]. Thus,
by Theorem 5.49, M < oo. We need to prove, using Bolzano-Weierstrass argument, that there exists
xo € [a,b] so that f(xo) = M.
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For every number n € Nlet U,, = {x € [a,b] : f(x) > M —1/n}.
First, we prove that U,,’s are not empty for every n. If U,, is empty for some n, then we have

fx) <M —1/n forany =z € [a,b)].

This contradicts the fact that M is the least upper bound of f(z) in [a, b], so U,, cannot be empty.

Next, for each n, let x,, be an element of U,,. Then, the sequence {x,} is an infinite sequence, and by
the Bolzano-Weierstrass Theorem, this sequence has a convergent subsequence {xy, } such that {z,, }
converges to a point 2y € [a, b]. Then, by the definition of U,,, we have

f(zn,) > M —1/n;, forevery ke N.
Because f is continuous on [a, b], we get
f(zo) = lim f(zp,) > lim (M —1/n;) = M.
k—o0 k—oo

Hence we conclude that f(z9) = M due to the definition of M (i.e., f(z() cannot be larger than M).
A similar proof would show that f has an absolute minimum on [a, b].

Problem 5.10* Show that a nondecreasing function with the Darboux property (or Intermediate Value
property, see Definition 5.27 in the textbook) must be continuous.

We prove it by contradiction. Accordingly, suppose that there is a point xy € R where f fails to be
continuous. Then, by the nondecreasing property (see Textbook, p. 335), f has a jump at xy and

lim f(z) < lim f(x).

T—T0— T—T0+
Let L = limy_,,_ f(x). Then there is an increasing sequence {x,, } such that

Tn = xo and f(z,) — L.

We now assume that L < f(xg). Let M € R be such that L < M < f(x).
Then for xz,, we have
flzn) <L <M < f(xo),

so the Intermediate Value property of f on the interval [x,,, zo] implies the existence of y,, € (xy, z¢)

such that f(y,) = M.

Since z,, — xg, we have y,, — x¢ by the Squeeze Theorem. Thus, given n, there is m such that
Yn < T, DUt

fyn) =M > L = f(zm),

which contradicts the fact that f is nondecreasing.

A similar argument is valid if f(zo) < limz—yz,, f(2).

Problem 5.11* Let f be a continuous function on an open interval (a,b). Suppose that f has no local
maximum or local minimum at any point. Show that f must be monotonic.

We prove this by contradiction. To this end, we first consider the following claim.
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Claim. If f is not monotonic on (a, b), there exist ¢, d € (a, b) such that

a<c<d<b and f(c)= f(d).

Assuming that this claim is true, we can easily show that f has a local maximum or minimum at a
point in (¢, d). Indeed, by Theorem 5.50, f possesses an absolute maximum and an absolute minimum
on [c, d]. If either of these points is in (c, d), then f attains a local minimum or maximum at this point.
Otherwise, if both points correspond to one of the endpoints c or d, then we have

f(z) = f(c) = f(d) whenever =z € [c,d].

Hence, each point of (¢, d) is a point of local minimum and maximum. Since we have shown that f has
a local minimum or maximum in (a, b), this is a contradiction, and the proof is done.

Finally we prove the above claim.
Proof of Claim. Since f is not monotonic, there exist x,y, z € (a,b) with x < y < z such that

either f(z) < f(y) and f(y) > f(2), or f(z)> f(y) and [f(y) < f(2).

Suppose f(z) < f(y) and f(y) > f(z). We consider the following three cases:
(1) f(x) = f(2): In this case, if we define ¢ = x,d = z, the claim is valid.

(2) f(z) < f(2): In this case, we have f(z) < f(2) < f(y).

As f is continuous on [z, y|, the Intermediate Value Property (see Theorem 5.53) can be applied.
Then, there exists ¢ € (x,y) so that f(c) = f(z). Since ¢ < z, if we define d = z, the claim is
valid.

(3) f(z) > f(2): In this case, we have f(z) < f(x) < f(y).

Again, as f is continuous on [y, z], the Intermediate Value Property can be applied. So there exists
d € (y, z) so that f(d) = f(z). Since x < d, if we define ¢ = =z, the claim is valid.

A similar argument can be used if f(x) > f(y) and f(y) < f(2), so the claim is proved.

Problem 5.12* Suppose f is increasing on an interval I. Let xg be an interior point of /. Prove that

lim f(2) < f(xo) < lim_f().

T—T0— r—xo+

First, since the function is increasing (and therefore monotonic), by Theorem 5.60 we find that both
the limits
lim f(x) and lim f(z)

T—T0— T—x0+

exist (see the proof of the theorem in the textbook).

Since f is increasing on I, we have
f(z) < f(=xo) forall = € I suchthat z < zo.

The point z is an accumulation point of the set {x € I : = < z(} because it is an interior point of the
interval I. The left-hand limit

lim f(z)

T—xo—
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takes into account only points x, which are ’to the left of x(” (that is, which satisfy x < x(), and thus
by the order properties of limit (Theorem 5.19) we have

lim f(z) < f(zo).

T—To—

We can treat the right-hand limit in completely the same way. Since f is increasing on I, we have
f(zo) < f(x) forall x € I such that x > xo.

The right-hand limit
lim f(z)

T—x0+

takes into account only points z, which are “’to the right of zy” (that is, which satisfy = > z(), and thus
by the order properties of limit we have

f(xo) < lim f(x).

T—T0+
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Calculus A: Problems with Solution
Chapter 7: Differentiation

Problem 6.1 Let
:UQ, if >0
() = { ar, if z <0.

(1) For which values of a is f differentiable at x = 0?
(2) For which values of a is f continuous at x = 0?

(3) When f is differentiable at z = 0, does f”(0) exist?

(1) For which values of a is f differentiable at x = 0?

If f is differentiable at = O then the left-hand derivative and the right-hand derivative at x = 0
have to exist and be equal. In this case it is easy to compute

o L@ =0 a0

/ J—
F-(0) m1—>0— r—0 x1—>0— z
by o f@)=fO) 2?0
13(0) = $1—1>I[I)1+ r—0 xli>r(r)1+ PR

Since these two derivatives have to be equal, we get the condition a = 0.

(2) For which values of a is f continuous at x = 0?

The function is continuous at z = 0 if both the left-hand limit and the right-hand limit at x = 0
exist and are equal. Here we calculate

lim f(z)= lim ax =0

x—0— r—0—
lim f(z)= lim 22 =0
x—0+ f( ) r—0+ ’

so the function is continuous at z = 0 for any value of a € R.



(3) When f is differentiable at x = 0, does f”(0) exist?

When f is differentiable at x = 0 (that is, form (1), when ¢ = 0), then we have the following

function:
ZL’Q, if >0

ﬂ@:{o,ifx<o

This function is differentiable on R and the derivative is

iy ) 2z, if x>0
f@ﬂ_{o, if 2 <0

(we have computed the derivative at x = 0 in (1)).

Our task is to decide whether this function f’(z) is differentiable at z = 0. The function f'(x) is
continuous at z = 0, so we cannot say anything about differentiability using continuity. (If f’(z)
were discontinuous at z = 0, we could immediately say that it is not differentiable but this is not
the case here.) We have to check differentiability again by comparing the left-hand and right-hand
derivatives of f/(z) at z = 0:

!/ /
" BT f(x)—f(O)_ . 0_0_
FO=tp ==~
!/ /
I RT f(x)—f(O)_ . 233_0_
+(0)—x£%1+ x—0 _:pg& x =2

The one-sided derivatives are different, so f”(0) does not exist.

Problem 6.2 Suppose that a function has an infinite derivative at a point. What, if anything, can you
conclude about the continuity of that function at that point?

We show by giving two examples, that the function can be both continuous and discontinuous.

o Take ¥
T if >0
ﬂ@:{—¢ﬂ:ﬁx<0'

This function is obviously continuous at x = 0 since

lim f(z) = 0= f(0).

z—0

However, the derivative at x = 0 is infinite, as we can see from

o F@) =) 1

z—=0 x—0 =0 /|z|
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e On the other hand, define

[ 1)z if x#0
f(x)_{o if =0 "

This function is not continuous at z = 0 because the limits lim,_,o+ f(z) and lim,_,o_ f(x) are
not equal to the value f(0). At the same time, the derivative is infinity as we can see from

Problem 6.3 Obtain the rule

do f(z) ~ flx)?

from Theorem 7.7 in the textbook and also directly from the definition of the derivative.

d 1 [l

Theorem 7.7 says that if g, h are functions differentiable at xo and h(zo) # 0, then

h

d <9> (0) = g (wo)h(zo) — 9(330)}1'(330).

dx ()2

Here we take g(z) = 1 (constant function) and h(x) = f(x), so that if f is differentiable at z(y and
f(xg) # 0, then we have

a1
dx f

_ V@) =1 f'(wo) _ f'(x0)

(o) [ (w0)? = o)

which is what we wanted to prove.

We prove the same result directly from the definition of the derivative, assuming that f is differen-
tiable at ¢ and f(zg) # 0.

1 1

L1 40) = lim 1O T flao) = f@) @) =) 1

dx f emwo x—x9  a—xo f(xo)f(T)(w —30) 20 r—xz9  f(zo)f(x)

Now, since f is differentiable at zo, it is continuous at x( and thus the limit lim,_,,, f(x) exists and is
equal to f(zg). Moreover, f(zq) # 0, so we get by Theorem 5.18 (limit of quotients)

d 1 1 — 1 1 1 !
dx f f(xo) 2=20  x—x9 w0 f(2) f(zo) f(o) (o)

In the calculation above we were allowed to split the limit of product of two functions into product of

limits, because the limits exist (see Theorem 5.17). Since % is a constant, we also used Theorem
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5.15 to bring it in front of the limit sign.

Problem 6.4 Find a formula for the derivative of the function arctan x assuming that the usual formula
for

— tanx = sec’ x
dx
has been found.

The function tan x = 22

cosa 1s not defined at points & where cos x = 0 and it is not one-to-one on the
whole R but if we restrict its domain to the interval (-7, 5

5, 5 ) then the function is defined and one-to-one,
so its inverse function arctan x is well-defined. Moreover, tan x maps the interval (— %, 5

—%, %) to the whole
interval (—oo, co0) and thus the inverse function arctan x is defined on the whole of R.

In the above figure, tan x is plotted in blue and arctan z in red.

The derivative of tan x is

. /
, sin x
tan' r =
COS T

hence we see that it never becomes 0 in the interval (-3, 7).

sin’ x cos x — sinx cos’

cos?z + sin x 1

5 5 = 5 = sec? z,
cos® x cos® x cos* x

To calculate the derivative of arctan x, we use Theorem 7.32, which gives the formula

—1y/ . 1
(Y@ = 5

This means that the derivative of the inverse function of f at the point f(z) is equal to one over the value
of the derivative of f at the point x.

Inserting tan into f, we have

1

arctan’(tanx) = -
an’

= COS2 Z.
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Since we want to have a formula for the derivative of arctan at a given point y, we perform the change
of variables y = tan . Then we have to express cos? z in terms of y = tan x. This is done by

9 cos? x 1 1
cos” x = = —— = .
cos? z + sin’ x 1+% 1492
Therefore,
(arctany)’ = 1
Vo1

which is the desired formula.

Problem 6.5 Find the maximum and minimum values of the function

1
f0) =75

(1) on the interval [—1, %]

(2) onR

(1) The function is continuous on the closed and bounded interval [—1, %], so by the theorem on

existence of extrema we conclude that both minimum and maximum exist. Moreover, the function
is differentiable at all points of the interval [—1, %] Thus it is sufficient to check the values of the
function at points = where f’(x) = 0 and at the endpoints —1 and %
— We find all points z satisfying f’(z) = 0.
(z4+1)(2*+1)— (z+1)(@2*+1) 2241—-(z+1)-22 —2*-2z+1

J(@) = (22 +1)2 - (22 4+ 1)2 T (@24 1)?

and so the derivative equal to zero at points
.721:—14—\/5, ‘ng—l—\/g.

The point z;1 belongs to the considered interval but the point x5 does not, which leads to
taking into account only

“1+v2+1 V2 1442

r1) = = = =1.2071....
fe) (142241 4-2V2 2
— The values at the endpoints are
1 6
-1)=0 —)==-=1.2
FED =0, f5) =5 =12,
and since v/2 = 1.414..., we conclude that the maximum on the interval is achieved at z =

—1 4+ /2 and the minimum at z = —1. This is also visible from the graph of the function below.
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(x+1)/(x2+1)

081

06

041

021

(2) The function is continuous and differentiable on the whole R but since R is not a compact set, we
cannot apply the theorem on existence of extrema. However, looking at the graph of the function
at a larger interval

we can deal with the situation as follows: We show that
— The function is decreasing with values within (—0.2, 0) on the interval (—oo, —4].

— The function is decreasing with values within (0, 1) on the interval [4, o).
— The minimum of the function on the interval [—4, 4] is f(—1 —v/2) = 1.2071....

— The maximum of the function on the interval [—4, 4] is f(—1 4 v/2) = —0.2071....
The existence of minimum and maximum on the interval [—4, 4] in the last two statements is
proved from the theorem on existence of extrema. Moreover the values are obtained by comparing
the values of f at four points: two points where f’ becomes zero and the endpoints —4, 4;

f(—4) = —%:—0.17647...
f(=1-+2) = L —2\@ = —0.2071...
Fe14va) = 1 +2*/§ = 1.2071...

f4) = 137:0.2941...
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The first two statements are obtained by examining the sign of the derivative

22 —2r+1

f@) =~y

in the given intervals, discovering that it is negative in both intervals, which means that the func-
tion is decreasing on those intervals. Hence, the highest value is at the left-endpoint and the lowest
value at the right-endpoint of each interval (in the sense of limit), which gives the ranges of the
values of f in the intervals.

Putting everything together: The values of the function on (—oo, —4] U [4, c0) do not exceed the
value f(—14+/2) and do not go below the value f(—1 —+/2), which correspond to the maximum
and minimum of f on the interval [—4, 4], Therefore, they are also maximum and minimum on
the whole R.

Problem 6.6 Use Rolle’s theorem to explain why the cubic equation
2 +ar+b=0

cannot have more than one solution whenever a > 0.

Let us assume that there exist two different solutions x; and x3. Without loss of generality, assume
that 1 < xo. Setting
f(x) = 2 + ax + b,

we see that f(z1) = f(x2) = 0 and hence, by Rolle’s theorem, there exists a number ¢ € (x1,x2) such
that f'(c) = 0.

We compute the derivative of f as follows:
f'(x) = 32° + a.

Since a > 0 and 32 is always nonnegative, we conclude that the derivative of f is always positive. This
is a contradiction with the existence of ¢ such that f’(¢) = 0 and the statement is proved.

Problem 6.7 Suppose that f is continuous on [a, b] and differentiable on (a, b). If

lim f'(z) =C,

r—a+

what can you conclude about the right-hand derivative of f at a?

By the Mean value theorem, for any = € (a, b) there exists a number ¢(z) (depending on z) between
a and z, such that
f(x) = f(a)

r—a

= f'(c)

(check that the assumptions of the Mean value theorem are satisfied).

Since the right-hand derivative of f at a (if it exists) is defined as the limit

f-/i-(a) — lim M,

r—a+ r—a
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we find that
fi(a) = lim f'(c(x)).

r—a+

Now, because ¢(z) € (a,z), we see that y = ¢(z) — a+ as ¢ — a+. Therefore,

fila) = lim f'(y)=C.

Problem 6.8 Prove that if a function F' is differentiable on a neighborhood of zy with F”(xg) > 0 and
F’ is continuous at xg, then I is increasing on some neighborhood of .

The statement that I is differentiable on a neighborhood of zy means that there exists a number a > 0
such that F' is defined on (xg—a, xo+a) and the derivative of F’ exists at every point x € (zo—a, z9+a).
Moreover we know that I is continuous at g, which means that

lim F'(z) = F'(x9) > 0

T—T0

by assumption.

Then, similarly as in Theorems 5.11 or 5.12, we can find a number ¢ > 0 (smaller than a), such that
F'(xz) > 0forx € (o — ¢, z0 + ¢). Let us prove this. Denoting F’(zp) > 0 by L, from the definition
of limit, taking ¢ = % we can find 6 > 0 such that

|F'(z) — F'(z0)| <% forevery x € (z9 — 6,0 + 6).

This implies
Fl(z)>Fl(zg) -4 =L-%=%L>0o,

and hence if we take ¢ = 9, we have
F'(x) >0  on (zg—c, 29+ c).
By Theorem 7.24¢(ii), the function F is increasing on (g — ¢, z¢ + ¢), which is a neighborhood of

xg. (If the above proof is confusing due to the appearance of the derivative F”’, one can replace F’ by
some other symbol, such as f, and work with f.)

Problem 6.9* Let f be convex on an open interval (a,b). Must f be bounded above? Must f be
bounded below?

The function

f(x>257 $€(0,1)

is convex on the interval (0, 1) (because the second derivative f”(x) = 2/23 is positive in this interval)
but it is not bounded above, which gives a counterexample to the first question.

To answer the second question, notice that f must be continuous (Theorem 7.34) and that there are
only three possibilities for a convex function on (a, b):

1. fis nonincreasing on (a,b),

2. f is nondecreasing on (a, b),
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3. there is a number c such that f is nonincreasing on (a, ¢] and nondecreasing on [c, b).

(The proof is obtained by the fact that in all other cases there would exist points 1 < z3 < x3 with
f(z1) < f(x2) and f(x2) > f(x3), which is not possible for a convex function.)

In the third case, the value at ¢ is the minimum value of f on (a, b), so the function is bounded below.

In the second case, let us take any two points z1,z2 € (a,b) such that z; < x9. Then the values
of the function f in the interval (a, z1) cannot lie below the chord L connecting the points (x1, f(z1))
and (xg, f(x2)). (If there is a point (z3, f(z3)) lying below the chord, then the point (x1, f(x1)) would
lie above the chord connecting (x3, f(x3)) and (z2, f(22)), which would yield a contradiction with the
convexity of f.) Since the function is nondecreasing on (a, b), its values on the interval [x1, b) must be
greater than or equal to any value of the function in the interval (a, z1). But these values are above the
chord L, and thus the function is bounded below by the value of the y-coordinate of the intersection of
the chord L and the line z = a.

The first case is dealt with in the same way as the second case. Hence, we have shown that a convex
function on an interval (a, b) is always bounded below.

Problem 6.10 Consider the function

T _ 9gx
h(x):3 — x # 0.

(1) What value should be assigned to ~(0) in order that i be everywhere continuous?
(2) Does h'(0) exist if this value is assigned to h(0)?

(3) Would it be correct to calculate h'(0) by computing instead /' () by the usual rules of the calculus
and finding lim,_,o 2/ (x)?

(1) What value should be assigned to ~(0) in order that i be everywhere continuous?

If the limit lim,_,o A(x) = L exists, then by defining ~(0) = L the function will be continuous
everywhere (because it is continuous at all other points except 0). Setting

flz)=3"=2% g(x) ==,

the limit is of the 8 form, so we consider applying L’'Hospital’s rule. Obviously, the assumptions
of Theorem 7.38 are fulfilled, so if the limit on the right-hand side below exists, we have
fl) . f(@)

Yim hlx) = lim oy = m
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We calculate the last limit as follows:

! 3*In3 —-2%In2
lim / (x) = lim o Mmom e e =In3—-In2=In-.
a:—>()g’({L‘) x—0 1 2

Therefore, if we set h(0) = In %, the function h will be continuous on R.

(2) Does h'(0) exist if this value is assigned to h(0)?

We attempt to find the derivative from definition (assuming that it exists):

h'(0) = lim = lim —*—= = lim

h(z) — h(0) M—ln% . 32" —zln3
=0 -0 z—0 x z—0 x2 )

This limit is again of the type %, so checking the assumptions of L’Hospital’s rule, we apply it
twice to get

.3 -2 —zlnd  3*Im3-2Im2-In3  3*In?3-2In?2 In?3—In?2
lim 3 = lim = lim = .
x—0 X z—0 2x z—0 2 2

(3) Would it be correct to calculate h'(0) by computing instead /' (x) by the usual rules of the calculus
and finding lim,_, A/ (x)?
Calculating the derivative h'(x) for x # 0, we obtain

~ 3(xIn3—-1)-2%(xrn2-1)

h/
(x) — ,
and using L' Hospital’s rule we find that
In?3 — In?2
lim A/ (z) = neo-m s
z—0 2

Hence, the result is identical to the result of (2).

This calculation is justified by solved Problem 6.7 provided the limit lim,_,q h'(z) exists.

Problem 6.11 Calculate the limit
e —1—x+a?
lim .

z—0 T

Setting f(z) = e® — 1 — x + 22 and g(z) = 22, we see that f(0) = 0 and g(0) = 0, so the limit
cannot be computed just by substituting x = 0 into the function. This leads to applying the L’'Hospital’s
rule of the form %. We check the assumptions of Theorem 7.38:

e f(0) = ¢(0) = 0is true as we already saw above.

e For every neighborhood of zz = 0 (without the point 2 = 0) the function g(x) = 2 is positive, so
it never equals to zero.

!
e To see whether lim f(@)
x—0 q (.73)

exists, we compute

flx) e =142
g'(x) 2z
but this is again an expression of the type % as x — 0. Therefore, we have to apply L’Hospital’s

rule again to this function. To this end, set f1(x) = e¢* — 1 + 2z and ¢; () = 2z and confirm that
the assumptions of Theorem 7.38 are satisfied.
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- f1(0) = ¢1(0) = 0 is true.

— For every neighborhood of x = 0 (without the point = 0) the function g; () = 2z is not
equal to zero.

/
_ The limit lim 71

exists:
20 g} () *

/ x
2
lim fll(x) = lim ¢+ = §
x—0 g1 (.le') z—0 2 2

Therefore, the assumptions of L’Hospital’s theorem 7.38 for the limit lim,_, % are fulfilled and we

conclude ) ) )
T—1-— 3

lim € 2x e = lim I'(z) lim f,l(x) = —.

20 x =0 ¢'(x) 2-0gi(x) 2

Problem 6.12 Prove a second-order version of the mean value theorem:

Let f be continuous on [a, b] and twice differentiable on (a,b). Then there exists ¢ € (a, b) such that

1

S —a)’f"(o).

f(b) = fla) + (b—a)f'(a) + 5

(Hint: Imitate the proof of the mean value theorem in the textbook but instead of subtracting a linear
function, subtract a quadratic function of the form

for an appropriate number £3.)

Define the quadratic function Q(z) by

Q(z) = f(a) + f'(a)(x — a) + Bz — a)”
and the function h(z) by
hz) = f(z) — Q(z).

We want to apply Rolle’s theorem to h(z) on (a, b), so we choose j3, so that h(a) = h(b), that is we take

g= 1) = flo)- f'(a)(b—a)
(b—a)? ‘

Then we have h(a) = h(b) = 0 for h which is continuous on [a, b] and differentiable on (a, b), so by
Rolle’s theorem, there is a point d € (a, b), such that h’(d) = 0. Moreover, since

W(z) = f'(z) = Q'(x) = f'(z) — f'(a) — 28(x — a),

we see that h/(a) = h'(d) = 0. Additionally, h/(x) is continuous on [a, d] (since f'(a) exists) and
differentiable on (a, d), so we can apply Rolle’s theorem once again to b’ (x) on (a, d) to get the existence
of a point ¢ € (a, d) such that h”(c) = 0. As h”(¢) = f"(¢) — 28 = 0, we conclude that

_f®) = fle) = fla)b—a) 1,
/6 - (b — a)g - if (0)7

which is the identity to be shown.
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There is another easier method of proof, which, however, requires a clever idea. We define [ as above
and set

g(z) = f(b) = [f(z) + f'(@)(b—2) + B(b —x)*].

Then by the definition of /3, we see that g(a) = g(b) = 0, while g is continuous on [a, b] and differen-
tiable on (a, b), and thus by Rolle’s theorem there is ¢ € (a, b) such that ¢’(¢) = 0. By differentiating g
we compute that ¢'(c) = (b — ¢)(28 — f"(c)) = 0, which gives 28 = f”(c) since ¢ # b.

Problem 6.13* Suppose f is convex on an open interval I. Prove that if f is differentiable on I, then
f’ is continuous on I.

Since f is convex and differentiable on I, we immediately get from Theorem 7.35 that f’ is nonde-
creasing on /. Hence, by Theorem 5.60 and the considerations following it, the function f’ can have
only a countable number of jump discontinuities (because both right-hand and left-hand limits exist at
each point, which is mentioned in Theorem 7.34).

Assume that the derivative f’ is discontinuous at least at one point xy € I. Then it means that

lim f(z) < lim f'(z) and f(xo) €] lim f'(x), lim f'(x)].

T—T0— T—x0+ T—T0— T—T0+

Thus, f’(x¢) must be different from at least one of the one-sided limits

L™ = lim f(x), LT = lim f/(x).

T—=To— r—xo+
Without loss of generality, assume that f’(x¢) < L. Then setting

f/(ﬂﬁo) + LT

= B )

the function f’(x) does not take the value ~ at any point of I (because it is nondecreasing, f'(zg) < v
and the right-hand limit at xg is greater than ). But this is a contradiction with the fact that derivative
has the Darboux property (Theorem 7.31).
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Calculus A: Problems with Solution
Chapter 8: The Integral

Problem 7.1 Calculate

1
/ 2% dx
0

by partitioning [0, 1] into subintervals of equal length.

2

The function z* is continuous on [0, 1], so the integral is defined. We partition the interval [0, 1] into

n subintervals [z_1, zx|, k = 1,2, ..., n of equal length, where
1 2 n—1
xozo’x1:—7gj2:—7”_7xn_1: 7xn:1‘
n n n
Then since xp, — xp_1 = % forall k = 1,2,...,n, we have for the Riemann sums

Sulf) = S FE)an —ax1) = = €2

k=1 k=1

n

Here &, is any point in the interval [zj_1, zx].

Since we know from theorem 8.1 that the Riemann sums converge to the given definite integral for
any associated points &, we select & so that the sum is easy to compute. For example, we can take
&y = = %, that is, the associated point is the right endpoint of the interval [x_1, zx]. Then we have

n 2 n
Sn(f)zlz<k> :izkgzin(n—kl)@n—l)‘

3
n
k=1 k=1 6

The definite integral is the limit of these Riemann sums as the length of the subintervals goes to zero:

1
/ 2de — lim Su(f) = lim in(n—&—l)(Qn—l) :1.
0

n—00 n—oo N3 6 3

Problem 7.2 Letb > a > 0 and p € R. Calculate

b
/ 2P dx

by partitioning [a, b] into subintervals [a, aq], [aq, aq?], [aq?, aq®], . .., [ag" !, b], where ag" = b.

Since the function f(x) = P is continuous on the interval [a, b] (if b > a > 0), the integral is defined
and is equal to the limit of arbitrary Riemann sum. Setting the partition as 2, = a¢®,k = 0,1,...,n
and the associated points as £, = xx_1 = aq”~ !, we have the Riemann sum

Sn(f) = Zf(fk)(l’k —zpy) = Z(aqkq)p(aqk —agh Y = P (g - 1) Zq(pﬂ)(k,l).
k=1 -

k=1 k=1



By the formula for the partial sum of geometric progression

applied to d = ¢P™1, we have

n—1 n(p+1) - 1 b p+1
q (3) 1
Sulf) = @ la =) S @ = (g - )Tt = - e

e
Il

0

where in the last equality we used the fact that ag™ = b.

Now we need to take the limit as n — oo in the above. When n — oo then ¢ = (b/a)'/™ — 1+
since b/a > 1. Hence,

b
lim S,(f) = lim a”*'(q— 1) (2t —1

_ p+1 b+l _ : q—1
n—oo q_>1+ qp+1 _1 a (( ) 1) hm _—

a g1t gptl — 17
The last limit is of the type %, so we use I’Hospital’s rule (check the assumptions!) to find

g—1 , 1 1
im ———— = lim = i
=1+ qPtl —1 g1+ (p+1)gp p+1

Putting all the results together, we conclude

b +1 +1
/ 2P doe = aerl ((g)erl . 1) 1 _ bP — aP
a ¢ p+1 p+1 7

a well-known formula.

Problem 7.3 If f is continuous and f(z) > 0 for all z in [a, b], show that

/abf(x)dxzo.

Since the function f is continuous, the integral is well-defined and equals to the limit of Riemann
sums

> F(&) (@ — xp1),

k=1

when the largest length of the subintervals [zy_1, x| of the partition
a=20<x1 < " Tp_1<Tp=2>=
goes to zero.

Here, z,_1 < xj and f(&) > 0 for every & € [a,b], so f(&;)(xr — xx—1) > 0 and we see that any
possible Riemann sum must be greater than or equal to zero. Since the definite integral above is given
as the limit of the Riemann sums, it follows by the order property of limits that it is nonnegative.
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Problem 7.4 If f is continuous and m < f(x) < M for all z in [a, b], show that

b
m(b— a) §/ f(x)de < M(b—a).

From the monotone property of the integral we know that if f(x) < M for all z € [a,b] then
fab flz)dz < fab M dz (here g(x) in 8.6 of the textbook is taken as the constant function g(x) = M).
Since the last integral is equal to M (b — a), we have proved the second inequality.

We can prove the statement also directly from the definition of the integral. Since the function f is
continuous, the integral is well-defined and equals to the limit of Riemann sums

> F(&) (= wp1)
k=1

as n — oo (or, more precisely, as the length of the longest interval in the partition a = ¢ < 1 <
e Tp_1 < T, = b goes to zero). Now, f(&) < M for every possible & and therefore

D &) @p —wpa) S MY (wp —wp) = M(b—a),
g

k=1

By the order property of limit, we conclude that the second inequality in the problem holds.

The proof of the first inequality is analogous.

Problem 7.5 Express
L k
i 52 (£)

as a definite integral, where f is continuous on [0, 1].

Let us set x;, = %, k = 0,1,...,n. Then these points form a partition of the interval [0, 1] into
subintervals [z _1, x|, k = 1,2,...,n of length %, whence the above sum can be written as

zn:f <5> = éf <i> (T — Tp—1)-

k=1
/0 1 £(z) da

with the partition x, 21, . . . , 2, and associated points % =z, € [Tg—1, 7). Taking n — oo makes the
length of subintervals go to zero, and, since f is continuous on [0, 1], Theorem 8.1 guarantees that the
limit is equal to the above definite integral.

S|

This is exactly a Riemann sum for
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Problem 7.6 If f is continuous and nonnegative on an interval [a, b] and

[ rwar=o

show that f is identically equal to zero there.

Let us prove the statement by contradiction. Assume f is nonnegative but not identically equal to
zero on [a,b]. This means that there exists a point ¢ € [a, b], such that d = f(c) > 0. Hence, the
function is greater than % on some neighborhood of the point ¢, that is, there is § > 0 such that

d
f(z) > B forevery = € (c—d,c+9).
This can be proved, for example, as in Theorem 5.12.

We have by the additive property 8.4 of the integral,

/ab f(x)dz = /:_(s f(z) dx + /ch f(x) dx + C; f(2) da.

Here the first and third integral on the right-hand side are nonnegative by the monotone property 8.6 of
the integral (because f(x) > 0). Therefore, dropping these two integrals the right-hand side will not
increase, and we obtain

b c+6
/f(ib‘)dﬂcZ/ f(:c)da:>g((c+5)—(c—(5)):d5>0.
a c—9

The second inequality follows from the monotone property, since f(z) > g on the interval (¢ —d, c+6).
We got a contradiction with the assumption that the integral of f is zero, which concludes the proof.

Problem 7.7 If f is continuous and m < f(x) < M for all x in [a, b], show that

m o< [ @i <o [ gwyas

for any continuous, nonnegative function g.

Since the function g is nonnegative on [a, b], we can multiply the number g(z) > 0 for a fixed
x € [a, b] to the inequality m < f(x) < M without changing its validity, thus obtaining

mg(z) < f(x)g(z) < Mg(x) forall x € [a,b)].
Then we just apply the monotone property of the integral

b b
hi,ho continuous, hi(z) < ho(x) forall z € [a,b] = / hi(x) dxg/ ho(x) dz

to the pairs of functions hy(z) = mg(z), he(x) = f(x)g(z) and hy(z) = f(z)g(z), he(z) = Mg(z),
respectively, obtaining the statement of the problem.
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Problem 7.8 Calculate the following integrals:

1/2
(1) / e’ sinx dx
0

@) /2 sin(ln z) de
1 T

(1) Since we have a product of two functions where e” when differentiated does not change and sin
when differentiated twice becomes a multiple of sin, we expect that integration by parts will lead
to the result.

In this case, setting g(z) = ¢'(z) = €7, f(z) = sinwx, we see that f, g,¢’ and f'(z) = 7w cosmx
are all continuous on [0, %} and thus we can use the integration by parts formula

b b
/ f(@)g' (@) dz = [f(B)g(b) — F(a)g(a)] - / f(@)g() de

to obtain
1/2 - 1/2 1/2
/ e’ sinmx dr = [eising—eosinO] —71/ eICOSﬂ'xd.%':\/E—ﬂ'/ e® cosx dx.
0 0 0
Applying the integration by parts this time to g(x) = ¢’(z) = €® and f(z) = cos mx, we have
1/2 ) - 1/2 1/2
/ e¥cosmrdr = [ei 0052—60c050}+7r/ e”CsinmUd:U:—l—Hr/ e’ sinmx dx.
0 0 0

Plugging this into the previous identity, we get
1/2 1/2
/ efsintrdr =+/e — —1+7r/ e’sintrde |,
0 0

1/2
(1+7r2)/ esinrdr = e+,
0

hence

which yields

1/2
/ e’sinTtrdx = \/é+§.
0 1+7T

(2) Since we have here the composed function sin(ln ) and the derivative of In z is %, which also ap-
pears in the integral, we can probably use integration by substitution. g(x) = In z is differentiable
on [1,2] and f(z) = sinz is continuous on R, so the assumptions for the formula

g(b)
f(s)ds

g(a)

b
| #at)g @) do =
a
to be valid, are fulfilled. Hence (noting that ¢/'(z) = 1),

2 . In2
1
/ M dx = / sinsds = cos0 — COS(ID 2) =1- COS(ln 2)
1 1

x nl
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Problem 7.9 Let f and g be continuous functions on (a, b] and such that |f(z)| < |g(z)| for all a <
x < b. If the integral f: g(x) dx is absolutely convergent, show that so also is the integral fab f(z)dx.

The function f may be discontinuous (infinite) at a. In that case the integral becomes improper and
(if it exists) is defined as

/abf(x)dx: lim /be(x)dx.

X—a+

By the assumption |f(z)| < |g(«)| and the monotone property of the integral, we have

b b
/ |f(x)| dz §/ lg(x)| dx forany X > a.
X X

Note that since X > a, both the above integrals are defined since the integrands are continuous on [ X, b].

Now by the order properties of limit

b b
. N |
XILHJ+/)( |f ()| d —XIE&/X l9(x)| dx

But the last expression is the definition of the (improper) integral

/ ’lo(a) da

which, according to our assumption, is finite.

Therefore, we have shown that also fab | f(x)| dx is finite, in other words, the integral of f is abso-
lutely convergent.

1
Problem 7.10 For what values of p is the integral / aP dx convergent?
0

If p > 0 then the integral is a usual integral of a continuous function, so there is no question of
convergence. However, the integral becomes improper when p < 0, so in this case we write by definition

1 1
/ 2P dr = lim 2P dzx.
0 X0+ Jx

There are two cases (when we compute the primitive function of xP):

e p = —1: in this case we have
1
lim aPdr = lim [Inz]y = lim (—InX) = +oo0,
X—=0+ Jx X—=0+ X—0+

so in this case the integral is not convergent.

e p =% —1: in this case the primitive function is again a power of z, in particular,

! b 1 1
lim 2P dr = lim = —— lim 1-XP"H = —— - —— lim XP™.
X—0+ Jx X=0+ [p+1]y p+1X-0+ p+1 p+1Xx—0+

The last limit is finite (actually, zero) if and only if p > —1 (we are assuming p # —1 here).
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To conclude, the integral is convergent if and only if p > —1.

Problem 7.11 Let f be a continuous function on [1, 00) such that the integral [ f(x) dz converges.
Can you conclude that lim,_,, f(z) = 0?

The function does not necessarily have to converge to zero at infinity. To see this, consider the
following function (draw a graph of it):

nr+1-n* x€n-1/n%n],neN
flz)=<{ —nPr+1+4+n3 z€nn+1/n’,neN .
0 otherwise

This function has peaks of height 1 around each natural number and the area of the n-th peak is 1/n2.

Since the series Z converges, the integral of f is finite:

o) X
/0 f(x)dx = hm ; f(zx) l'—nh_>1202k2: ﬁ<oo

However, the function values do not converge to 0 for x — oo since the function is equal to 1 at each
natural number.

Problem 7.12 Let f be a continuous, decreasing function on [1, c0). Show that the integral [ f(x) dx
converges if and only if the series Y - | f(n) converges. Give examples showing that both implications
in the statement are not true if the assumption of f being decreasing is omitted.

The improper integral is given by

N
Ju s

We consider a partition z1, z2, . . ., xy of the interval (1, V) into subintervals [1, 2], [2, 3], [3,4],...,[N—
1, N],i.e., x; = k and the corresponding Riemann sum for the above integral

N-1

N
F&)(@hrn —an) =D f(&)
k=1

k=1

Since the function is decreasing, taking & = x; = k (the left end-point of the subinterval) as the
associated point, the Riemann sum will not be smaller than the value of the integral, and similarly taking
&k = xp+1 = k + 1 (the right end-point of the subinterval), the Riemann sum will not be greater than
the value of the integral:

N-1 N—
S s [ s Y 1o
k=1 k=1

Taking N to infinity, we deduce

SLCES ANIBITES Sy}

k=2 k=1

which immediately implies that the convergence of the series and the integral are equivalent.
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One counterexample for a function that is not decreasing is the function from the above problem
7.11. Indeed, the value of the function at natural numbers is always 1, so the series > f(n) diverges but
the integral of f converges. Moreover, if we construct a function that is zero at every natural number
but has a peak of area 1 between every pair of neighboring natural numbers, then it will serve as a
counterexample for the opposite implication.

Problem 7.13 Find the value of the integral

1
0 ex
—00 T

The integral looks ’doubly” improper: it is over an infinite interval and the integrated function might
blow up to infinity at + = 0. However, the integrated function is continuous (bounded) in the left
neighborhood of zero:

1

. €z .
lim — = lim y2e¥ =0,
z—0— T Y—r—00
since the exponential function is stronger at infinity than any polynomial (use I’Hospital’s rule to confirm
it).

Hence, we can define the integral as

0 ei oe%
/ —dr= lim — dx,

oo T2 X —o0 [y 22
and a change of variables f(y) = e, g(z) = —1,¢/(2) = m% (ory=—1,dy= x%dac) leads to
0,3 0 . 9(0)
Jim [ de— im /X flo@ng@)ar= 1m | )y

0 Z
lim /Xf(g(m))g'(m)dx: lim lim /X flg(x)g' (z)dez = lim lim fly)dy.

X— —o0 X— —o0 Z—0— X— —o0 Z—0— g(X)

This can already be calculated by standard methods:

—1/z
im lim eVdy—= lim lim (el/X —el/Z) — lim /X =1
X— —oc0 Z—0— —1/X X— —oc0 Z—0— X— —o0
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Problem 7.14 Find the following primitive functions.

ey

2

3)

“

1
/2 dzx
e+ x
[ =
——dx
11—t
/x +x+2 de
zd+ 222+ 1

/ secx dx

Each primitive function is determined up to a constant. We omit these constants in the calculations
below.

ey

2

3)

i 1 _1_
Since 24z~ z(z+l) T @

1 1 1
/ 5 dmz/(—) dr =In|z| —In|l+z| =
e+ z 14z

We use the absolute value to account for the possibility of negative argument, i.e., the primitive
function of % islnxz + C for z > 0 and In(—z) for x < 0, which is written compactly by
employing the absolute value.

T
n .
1+x

We use the integration by substitution formula

[ Ho@ng @ s = [ iy

Then ¢/(z) = 2x and

with g(z) = 22 and f(y) = 2\/,7

[ - /f <x>dw=/f<y>dy:/ml_7dy
1

= 5 arcsiny = 3 arcsin(z?).

It is usually easier to use the following formalism instead of the functions f, g above: Set the new
variable y = 2, then % = 2z and so formally zdx = %dy, hence replacing z dx by %dy in the
integral and changing 2 to y, we get the integral

1
— = dy
/ 2¢/1 — 92
which is the same as above.

As 2342 x(@+D+2 g + 2
r44+2224+1 T (22+1)2 T 2241 (z2+1)2°

/ 3 +x+2 J / T +/ 2
=5 - ar= [ ———ax 5 aX.
zt+ 22241 22 +1 (22 4+ 1)2

Now, the first integral is simple - we use the substitution y = 22 + 1 with dy = 2z dx to get

z 1 1 1
/$2+1w/2yy 5y =5 n(z"+1),

we can split the integral into two parts:
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so it remains to calculate the second integral.
1—a?

!
T
We notice that = , and thus we can write
<x2+ 1) (@2 1 1)?

/2 d / Lo + ! de = —2— 4 arct
— = I nowr.
@2+ 12" @2+1)2 22+1) T prpr O

Therefore, the final answer is

3
0+ +2 1 9 T
/.Ima?z—”d$:2ln($ —|—1)—|—$2+1 —i—arctanm.

(4) To get a form where substitution can be used, we first rearrange as

1 COsS T cos T
secx dr = dr = s dr = [ ———5—dz.
COS T COS“ T 1 —sin“x

Now we can substitute y = sin z with dy = cos x dx to get

1
/secscalaz::/COS,’:E2 dac:/ dy.
1—sin“z 1—92

This integral can already be calculated by decomposing into simpler rational functions:

1 1 1 1 1 1. [1+y
——dy = ——+—— | dy==(In]1 —In|l—y|)==1 .
[itaa=s (1) =i —mi—y) = 1)
Hence our integral is
1 1+sinx
secrdr=—-In|—|,
2 1—sinz
which can be also written as (after multiplying the fraction inside the logarithm by =2*%)

1+ s
L) e In [secx 4 tan x| .

/secmdm =In

Problem 7.15  Compute the following antiderivatives.

(1) /a:\/l —22dr (2 /ln(ﬁi) dr  (3) /:c?’ezQ dr  (4) /cos(lnx) da

COST

xT

1 1
- - 2 _ N3
5 /$ . dr (6) /\/:B lde (7) /1_1_630 dr (8) /e dx
9 /xarctanx dr  (10) /Sin vV1+zxde.

In the following calculations, we omit the integration constants.

(1) We use the integration by substitution formula
[ Ho@ng' @) da = [ f(w du
with f(u) = =% and g(x) = 1 — 22. Then ¢(z) = —2z and
[avizatas = [ o) @ o= [ 1w du
_ / _;/E du=—suyi= — (1?12,
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(2) We use the integration by substitution formula. Setting © = In(ln x) yields ?Tg =4 _and

zlnzx
In(Inx) du u? 1 2
= B — = = — = — 1 1 .
/ ey dx /udx dx /u du 5 2( n(lnz))

(3) We obtain from the integration by parts

2 1 1 21
/x3ex2 d$:/x2(6x2>/ dx:2x26x2_/xex2 dx:§(x2612_612): X e(L‘Q.

(4) Using the integration by parts twice, we get
/cos(ln x)dxr = /(:c)’cos(lnx) dx = zcos(lnz) + /Sin(ln x) dx
= xcos(lnz) + /(m)'sin(ln x) dx
= zcos(lnz)+ zsin(lnz) — /cos(ln x) dx.

Hence we conclude

cos(lnx) dx = g(sin(ln ) + cos(Inx)).

(5) Settingu:\/1+x2,wededucex2:u2—1,%:\/ﬁand
1 1 T 1 du
i = [t = %y
/a:\/1+:c2 v /x2\/1+x2 o /u2—1dx v
B / du _1/ du 1/ du
N w2—-1 2J u—1 2J) u+l
1
= —(Inju—1]—Infu+1])

2

11 V1+a?2 -1
—1n—-.
2 Vi+a?+1

(6) Applying the integration by parts, we have

/\/ﬁdx /(x)’\/x?idx

1
= zvVzi-1-— ( x2—1+7)dm.
/ Vaz—1
Thus . )
T
2_1 I 2 1 _ - .
/\/ZL‘ dx 2\/3: 2/\/11327—161@
Note that

1
————dr=ln|lz+Vz2-1|.
/ vaz—1 ‘ ‘
Hence we conclude

/\/ar:2—1dx:x\/m2—1—31n|x+\/x2—1’.

2
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(N

]. Cm
= [ (1- ) =2 —1In(1+€%).
/1 exdl’ /( 1 e dx X H( 6)

(8) Setting t = \/z, we have 9 = 2t and

dt
/eﬁ dr = /Qtet dt.

The right-hand side can be calculated by using the integration by parts.

/2tet dt = 2te’ — 2/et dt = 2e'(t —1).

Thus we find
/e\/5 dz = 2eV®(/z — 1).

(9) We use the integration by parts.

rarctanz dr = —xz arctanx — 71 7x2 dx
r iy
¢ 2 ¢ 2 ) 1+ a2

2 1 1
= :;arctanx—2/(1—1+x?) dzx

2 T 1
= —arctanx — 5 + 5 arctan x

((z* + 1) arctanz — ).

TR

(10) We use the substitution t = /1 4 x with dz = 2tdt to get

/Sin\/l—l—xdl‘:/%sint dt.

The right-hand side can by calculated by using the intgration by parts.

/2tsint dt:—2tcost+/2cost dt = —2tcost + 2sint.

Hence we have

/sin\/l—i—xd:n: 21+ xcosV1+x+2sinV1+ z.
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